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Outline

Maximum entropy formalism and subsidiary conditions

Particle acceleration and entropy considerations:
Brown, Beekman, Gray, & MacKinnon (1995)

Effects of a finite upper cut-off energy

The differential energy spectrum N(E) ∼ E−δ, 2 ≤ δ ≤ 3
of non-relativistic non-thermal electrons in solar flares

Implications for a detailed theory
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Motivation

Differential energy spectra of X-ray generating electrons,
accelerated in solar flares, can often be very well fitted by a

power law N(E) ∼ E−δ. Nonthermal ion tails, observed in the
solar wind, also appear to have a common power-law spectral
shape

Specific particle acceleration mechanisms in the solar corona,
which usually involve magnetic reconnection as a key process,
have been the subject of much recent research interest. Yet the
origin of the power-law spectra in impulsive solar flares
remains an unsolved problem.

The maximum entropy formalism can help to explain the
formation of a power-law spectrum of flare-accelerated
electrons.
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Arguments to explain N(E) ∼ E−δ

Syrovatskii (1961) used an energy-balance condition to derive
the power-law index δ = 2.5 for the ultra-relativistic spectrum
of galactic cosmic rays.

Burn (1975) applied an energy-balance condition to the
stochastic Fermi mechanism and obtained the spectral index of
relativistic particles 2 < δ < 3, depending on the assumed
parameters.

Litvinenko (2012) developed a time-dependent variant of the
steady energy-balance argument given by Burn (1975).

power-law – p.4/20



Arguments to explain N(E) ∼ E−δ

Brown et al. (1995) proposed an entropy-maximization

criterion that resulted in δ = (3 +
√
7)/2 ≃ 2.82 for the

non-relativistic particle spectrum.

Golitsyn (1997, 2005) used dimensional analysis to obtain

δ = 8/3 ≃ 2.67 for the ultra-relativistic spectrum of cosmic
rays.

Syrovatskii (1961) applied his energy-balance argument to
non-thermal particles in the solar corona where the magnetic
energy density typically dominates over other types of energy.
The predicted power-law index was δ = 3.5 in the
non-relativistic limit and δ = 5 in the ultra-relativistic limit.
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The maximum entropy formalism

δ

∫

f ln fdv = 0

For an ideal gas, considered as a closed system, two subsidiary
conditions express the conservation of the total particle number and
the total energy of the gas.

δ

∫

fdv = 0

δ

∫

fEdv = 0

The method of Lagrange multipliers leads to

ln f = α− βE
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The Boltzmann distribution

The constants α and β are defined by the chemical potential µ and
the temperature T .

α =
µ

kBT
, β =

1

kBT

In astrophysical applications, it is convenient to use the differential

energy spectrum N(E) of energetic particles.

N(E)dE = 4πf(v)v2dv

N(E) ∼ E1/2 exp(−βE)
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Distributions with long tails

A thermodynamically isolated system that may evolve only by
diminishing its entropy is in stable equilibrium. More
generally, the maximum entropy formalism seeks a distribution
function that maximizes the Boltzmann–Gibbs entropy subject
to a given set of constraints.

Brown et al. (1995) employed entropy maximization to develop
an elegant argument for determining the spectral index of a
power-law spectrum of nonthermal electrons in solar flares,
which generate the observed flare hard X-ray spectra. The idea
was to postulate a parametrized, physically justified spectral
shape and then to specify the numerical values of the
parameters by maximizing the entropy of the distribution.

power-law – p.8/20



Entropy maximization and solar flares

Brown et al. (1995) argued that the likelihood of observing the
hard X-ray spectrum with a given spectral index could be
quantified by the difference of the entropy of the nonthermal
distribution and that of a Maxwellian distribution of the same
total particle number and energy. Consequently, entropy
considerations could lead to a prediction for a frequency
distribution of spectral indices and thus could yield a new
valuable constraint in particle acceleration studies.

Brown et al. (1995) truncated the spectrum at low particle
speeds but assumed the spectrum to extend to infinity.
However, the observed hard X-ray flux spectra in impulsive
solar flares typically break downward at energies on the order
of 100 keV, indicating a similar break energy of the electron
distribution function.
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The entropy of an ideal gas

Entropy of a low-density ideal gas:

S = −kB

∫ ∫

f(ln f − 1)drdv − kBN0 ln
(

h3/m3
)

f(r,v) =
N0

V
g(v)

S = −kBN0

∫

g ln gdv + kBN0 − kBN0 ln

(

N0h
3

V m3

)

Dimensionless formulation:

u = v/v0, g(v) → g(u)/v3
0
,

E

N0

=
3

4
mv2

0
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Scaled entropy Σ

S = kBN0(Σ + 1)− kBN0 ln

(

N0h
3

V m3v3
0

)

Σ = −4π

∫

g ln g u2du

Total particle number and energy constraints:

∫

∞

0

g(u)u2du =
1

4π

∫

∞

0

g(u)u4du =
3

8π
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Example: Maxwellian distribution

T0 = 2E/3kBN0

v0 =
√

2kBT0/m

gM(u) = π−3/2 exp
(

−u2
)

ΣM =
3

2
(ln π + 1) ≈ 3.22

S is given by the Sackur–Tetrode formula for the entropy of a
classical ideal gas.
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A truncated power-law spectrum

gPL(u) = Au−α, u1 ≤ u ≤ u2, u2 = ru1

A =
α− 3

4πu3−α
1

1

1− r3−α

u1 =

(

3

2

α− 5

α− 3

1− r3−α

1− r5−α

)1/2

ΣPL =
α

α− 3
+ ln

[

4π

(

3

2

)3/2
(α− 5)3/2

(α− 3)5/2

]

+ ln
(1− r3−α)5/2

(1− r5−α)3/2
− α ln r

rα−3 − 1

α = 2δ + 1
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Relative maximum of ΣPL

dΣPL

dα
= 0 =⇒ α = α0

δ0 = (α0 − 1)/2

r = ∞ (Brown et al.) :

α0 = 4 +
√
7 ≈ 6.65, δ0 = (3 +

√
7)/2 ≈ 2.82

r = 100 : α0 ≈ 6.63, δ0 ≈ 2.82

r = 30 : α0 ≈ 6.55, δ0 ≈ 2.77

r = 10 : α0 ≈ 5.84, δ0 ≈ 2.42
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Absolute maximum of ΣPL

dΣPL

dα
= 0 =⇒ α = αk, k = 0, 1

δk = (αk − 1)/2

The relative maximum of ΣPL becomes less pronounced and
eventually disappears for values of r less than ≈ 7.

r = 100 : α1 ≈ 1.38, δ1 ≈ 0.19

r = 30 : α1 ≈ 1.46, δ1 ≈ 0.23

r = 10 : α1 ≈ 1.75, δ1 ≈ 0.38
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ΣPL vs. α: r = 30

(Litvinenko 2019)
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ΣPL vs. α: r = 7

(Litvinenko 2019)
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An observational test

In a thick-target model, if the differential X-ray flux is a single
power law in energy with a spectral index γ, then the

differential electron flux F (E) is also a power law with the

spectral index δ = γ + 1 (Brown 1971).

The photon flux spectra, however, almost always break
downward at energies on the order of 100 keV. Because fewer
electrons are present above the break energy, the electron flux
distribution below the break energy is only slightly steeper than
the photon flux distribution, δ ≃ γ.

RHESSI measurements show that the flux of non-thermal
electrons below the break energy is well described by δ ≃ 3
throughout most of the impulsive phase of an intense
gamma-ray flare (Holman et al., 2003). This value agrees with
the prediction of the entropy maximization argument.
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Discussion

For an arbitrary finite value of r (no matter how large), the

spectral index δ0 = (α0 − 1)/2 corresponds to a relative

maximum of the scaled entropy ΣPL rather than to its absolute
maximum.

In sharp contrast to the case r = ∞, the absolute maximum of

ΣPL is reached for a smaller value δ1 = (α1 − 1)/2 of the

spectral index. Although δ1 depends on the parameter r, it
generally corresponds to a very hard (δ1 < 1) differential

energy spectrum N(E) ∼ E−δ1 .

Since the entropy of a distribution is conventionally interpreted
as a measure of the probability of observation of the
distribution, such flat distributions of nonthermal particles
should be present, for instance, in solar flares, together with the
usual accelerated particle spectra.
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Summary

The maximum entropy formalism is used to infer the spectral
index of power-law particle spectra in the heliosphere. The
entropy-maximization argument by Brown et al. is revisited and
generalized by relaxing the assumption of a particle spectrum
extending to an infinite energy.

The results for particle spectra with a finite upper cut-off
energy are shown to be qualitatively different from those for
spectra extending to infinity. The dependence of the predicted
spectral index on the upper cut-off energy is determined.

The relevance of the predicted values of the spectral index to
the observed spectra of accelerated electrons in solar flares and
ion tails in the solar wind is discussed.

power-law – p.20/20


	Outline
	Motivation
	Arguments to explain $N (cal {E})
sim cal {E}^{-delta }$
	Arguments to explain $N (cal {E})
sim cal {E}^{-delta }$
	The maximum entropy formalism
	The Boltzmann distribution
	Distributions with long tails
	Entropy maximization and solar flares
	The entropy of an ideal gas
	Scaled entropy $Sigma $
	Example: Maxwellian distribution
	A truncated power-law spectrum
	Relative maximum of $Sigma _{PL}$
	Absolute maximum of $Sigma _{PL}$
	$Sigma _{PL}$ vs. $alpha $: $r=30$
	$Sigma _{PL}$ vs. $alpha $: $r=7$
	An observational test
	Discussion
	Summary

