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Outline

Modeling cosmic-ray transport: the diffusion equation, the
telegraph equation and their limitations

A hyperdiffusion model as an alternative to the telegraph model

Side-by-side comparison of the predictions of the approximate
models and the underlying Fokker–Planck equation

Implications for modeling the evolution of strongly anisotropic
particle distributions
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Motivation

The Fokker–Planck equation simplifies to a diffusion equation
for the cosmic-ray density when the particle pitch angle
distribution is weakly anisotropic (Jokipii 1966; Hasselmann &
Wibberenz 1968, 1970; Schlickeiser & Shalchi 2008).

Because the signal propagation speed is infinite in the diffusion
limit, the telegraph equation and related hyperbolic partial
differential equations may yield a more accurate description of
cosmic-ray evolution (Fisk & Axford 1969; Earl 1974;
Gombosi et al. 1993).

Solutions of the telegraph equation contain singularities that
may be avoided in the hyperdiffusion approximation (Malkov
& Sagdeev 2015).
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Diffusive particle transport

Fokker–Planck equation:

∂f

∂t
+ vi

∂f

∂xi
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∂
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(
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)

Suppose the particle distribution is weakly anisotropic:

f(xi, vi, t) = F (xi, v, t) + g, g ≪ F

=⇒ Diffusion approximation:
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Diffusive transport of solar energetic particles

(Meyer, Parker & Simpson 1956)
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Voyage of a persistent random walker 1

F (z, t) = a(z, t) + b(z, t)

a(z, t+∆t) = αa(z −∆z, t) + (1− α)b(z −∆z, t)

b(z, t+∆t) = αb(z +∆z, t) + (1− α)a(z +∆z, t)

α: probability of moving in the same direction as at the immediately
preceding step

α = 1/2: symmetric random walk

Ft = κFzz, κ =
1

2

(∆z)2

∆t
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Voyage of a persistent random walker 2

∆z = c∆t, α = 1−∆t/2τ → 1

at = −caz +
1

2τ
(b− a)

bt = cbz +
1

2τ
(a− b)

(cf. two-beam model, Fisk & Axford 1969)

Telegraph equation

τFtt + Ft = κFzz, κ = c2τ

(Goldstein 1951)
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The Fokker–Planck equation

∂f0
∂t

+ µv
∂f0
∂z

=
∂

∂µ

(

Dµµ

∂f0
∂µ

)

Simple concrete model:
medium at rest,
uniform magnetic field,
no energy losses,

f0(z, µ, v, t): the distribution function of energetic particles,

Dµµ(µ): the Fokker–Planck coefficient for turbulent pitch-angle

scattering
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Approximate models

“as many versions of telegrapher’s equations in transport theory as
there are authors who produce them” (Schwadron & Gombosi 1994)

A heuristic derivation of the alternative approximate models, based
on an iterative solution of the Fokker–Planck equation (Litvinenko
& Schlickeiser 2013)

f0(z, µ, t) = F0(z, t) + g0(z, µ, t)

The isotropic density

F0(z, t) =
1

2

∫ 1

−1

f0dµ

∫ 1

−1

g0dµ = 0
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A diffusive limit

Particle conservation
∂F0

∂t
+

∂S

∂z
= 0

Flux

S =
v

2

∫ 1

−1

µg0dµ

An iterative solution yields

S ≈ −κ‖
∂F0

∂z
+ τκ‖

∂2F0

∂z∂t

τ = 0 =⇒
∂F0

∂t
= κ‖

∂2F0

∂z2
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Alternative approximations

τ 6= 0 correction

∂S

∂z
+ κ‖

∂2F0

∂z2
≈ τ

∂2F0

∂t2
≈ τκ2

‖

∂4F0

∂z4

The telegraph approximation

∂F0

∂t
+ τ

∂2F0

∂t2
= κ‖

∂2F0

∂z2

The hyperdiffusion approximation

∂F0

∂t
= κ‖

∂2F0

∂z2
− h

∂4F0

∂z4
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Illustrative example

Isotropic scattering

Dµµ(µ) = D0(1− µ2)

Dimensionless equations:

lengths in units of the scattering length λ0 = v/2D,

times in units of λ0/v,

the parallel diffusion coefficient κ‖ in units of λ0v.

κ‖ = 1/3, τ = 1, h = κ2
‖τ = 1/9
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Stochastic simulations

Dimensionless stochastic equations:

dz = µdt

dµ = −µdt+
√

1− µ2dW

Milstein approximation scheme:

zt+∆t = zt + µt∆t

µt+∆t = µt − µt∆t+
√

∆t(1− µ2
t ) ǫt

−
1

2
µt∆t(ǫ2t − 1)

ǫt is a normal random variable with mean = 0 and variance = 1.
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Initial value problem 1

Particle injection at z = 0, initial distribution at t = 0:

f0(z, µ, 0) = δ(z)φ(µ)

The isotropic initial angular distribution

φ(µ) =
1

2

Initial conditions for F0(z, t) at t = 0:

F0(z, 0) =
1

2
δ(z),

∂F0(z, 0)

∂t
= 0

Solve the IVP numerically, use N(0, 1/202) to represent δ(z),
check against the available analytical solutions
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Numerical results 1

Normalized particle density profiles (F = 2F0)

from solutions of

the Fokker–Planck equation (black curve),

the telegraph equation (green curve),

the hyperdiffusion equation (blue curve),

and the diffusion equation (red curve)

at dimensionless times t = 1/2, 1, 5/2, 5, and 10.

The initial angular distribution is isotropic, φ(µ) = 1/2.
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Density profiles: isotropic case

(Litvinenko & Noble 2016)
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Density profiles: isotropic case

(Litvinenko & Noble 2016)
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Density profiles: isotropic case

(Litvinenko & Noble 2016)
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Density profiles: isotropic case

(Litvinenko & Noble 2016)
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Density profiles: isotropic case

(Litvinenko & Noble 2016)
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Initial value problem 2

Particle injection at z = 0, initial distribution at t = 0:

f0(z, µ, 0) = δ(z)φ(µ)

The strongly anisotropic initial angular distribution

φ(µ) = δ(µ− 1)

Initial conditions for F0(z, t) at t = 0:

F0(z, 0) =
1

2
δ(z),

∂F0(z, 0)

∂t
= −

1

2
δ′(z)

Solve the IVP numerically,

use N(0, 1/202) to represent δ(z) and δ′(z),
check against the available analytical solutions
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Numerical results 2

Normalized particle density profiles (F = 2F0)

from solutions of

the Fokker–Planck equation (black curve),

the telegraph equation (green curve),

the hyperdiffusion equation (blue curve),

and the diffusion equation (red curve)

at dimensionless times t = 1/2, 1, 5/2, 5, and 10.

The anisotropic initial angular distribution, φ(µ) = δ(µ− 1).
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Density profiles: anisotropic case

(Litvinenko & Noble 2016)
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Density profiles: anisotropic case

(Litvinenko & Noble 2016)
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Density profiles: anisotropic case

(Litvinenko & Noble 2016)
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Density profiles: anisotropic case

(Litvinenko & Noble 2016)
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Density profiles: anisotropic case

(Litvinenko & Noble 2016)
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The scatter-free limit D0 = 0

Complete analytical solution:

f0(z, µ, t) = δ(z − µt)φ(µ)

The isotropic initial distribution yields

F0(z, t) =
1

4t
H(t− |z|)

(no spikes of the telegraph solution)

The strongly anisotropic initial distribution yields

F0(z, t) =
1

2
δ(z − t)

(a localized moving density peak)

TE vs HD – p.28/29



Summary

Solutions of the telegraph equation typically contain singular
components or sharp peaks at propagating diffusion fronts. For
an initial isotropic distribution, the telegraph model does not
lead to a more accurate description of particle transport in
comparison with the simpler diffusion equation.

The hyperdiffusion model, considered by Malkov & Sagdeev
(2015), and the diffusion model yield similar density profiles
even for very short times—and both are rather different from
the density profile based on the Fokker–Planck solution.

The diffusion and hyperdiffusion models cannot distinguish
between the isotropic and beamed initial conditions. The

telegraph approximation is useful if ∂F (z, 0)/∂t can be

estimated either observationally or on theoretical grounds.
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