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The proof of Theorem 4.6 of [2] is in error and we are very grateful to
an anonymous referee of [3] for pointing this out. Based on the evidence
of the �rst 500 zeros of the Riemann zeta function, the authors believe
the statement of the theorem is still true, but at this time a valid proof
is not available. Correct expressions for the limiting values of ow polar
coordinates are given in Proposition 0.1. The best available criteria, for
which the zeta function ow might have a center or node at a simple zero
on the critical line, are then given in Proposition 0.2. These propositions
should replace Theorem 4.6 in the original paper.
First some de�nitions. The Riemann-Siegel function is Z(t) = ei#(t)�( 12+it), so Z(t) is real when t is real, and its zeros in R correspond to the

zeros of �(s) on � = <z = 12 , the critical line. De�ne the Gram points
( 12 + ign) to be those which satisfy #(gn) = n� for integral n, and anti
Gram points ( 12 + ian) as those which satisfy #(an) = (n + 12 )�. Then at
Gram points �( 12 + ign) is real, and at anti Gram points �( 12 + ian) is pureimaginary. De�ne the function �(z) := 2(2�)�z�(z) cos(�z2 ). Finally, we
use the notation hxi := log x for x > 0.

Proposition 0.1. Let z = 12 + i + rei� de�ne polar coordinates for a
point in the neighborhood of a zero z = 12 + i of �(z) on the critical line.
Then for the ow _z = �(z) we have the formulas:

limr!0+
_r
r = 1

3� 2p2 cos(h2i)
1X
n=1

(�1)n+1hnipn [p2 cos(hn2 i)� cos(hni)];

limr!0+ _� = 1
3� 2p2 cos(h2i)

1X
n=1

(�1)n+1hnipn [�p2 sin(hn2 i) + sin(hni)]:
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Proof. Let
�(z) := 1

1� 21�z ;

�(z) :=
1X
n=1

(�1)n+1
nz ; so

�(z) = �(z)� �(z)
= 1

1� 2 1
2�i�rei�

1X
n=1

(�1)n+1
n 1

2+i+rei� :

This latter sum converges for 0 � r < 12 . Therefore, if _z = �(z):

( _r+ir _�)ei� = 1
1� 2 1

2�i�rei�
1X
n=1

(�1)n+1
n 1

2+i+rei� = �( 12+i)+� 0( 12+i)rei�+O(r2):

Since �( 12 + i) = 0 we can write
_r
r + i _� = � 0(12 + i) +O(r):

Compute the derivative of �(z) at r = 0, and use �( 12 + i) = 0 again to
obtain

limr!0+
� _r
r + i _�� = �1

1� 2 1
2�i

1X
n=1

(�1)n+1hni
n 1

2+i :
Finally, take the real and imaginary parts of both sides of this equation,

and simplify, to obtain the two expressions given in the statement of this
Proposition.
Note that the correct form for the expressions for _r=r and _� in [2] should

be:
_r
r = 1

rd
1X
n=1

(�1)n+1
n 1

2+r cos � [cos(� + hni( + r sin �))

� 2 1
2�r cos � cos(� + hn2 i( + r sin �)];

_� = 1
rd

1X
n=1

(�1)n+1
n 1

2+r cos � [� sin(� + hni( + r sin �))

+ 2 1
2�r cos � sin(� + hn2 i( + r sin �)]; where

d := 1 + 21�2r cos � � 2 � 2 1
2�r cos � cos(h2i( + r sin �)):
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Proposition 0.2. Let � = 12 + i be a simple zero of �(z). Then � is a
center for the ow _z = �(z) if and only if it is a Gram point. It is a node
for the ow if and only if it is an anti Gram point. Otherwise � is a focus.

Proof. Di�erentiating the functional equation in the form �(1 � z) =
�(z)�(z) gives

�� 0(�) = �(�)� 0(�)
Using [3, Lemma 2.1] and [1, Theorem 2.9] we can deduce that � is a Gram
point if and only if �(�) = 1, if and only if � 0(�) is pure imaginary, which
is true if and only if � is a center.
The point � is an anti Gram point if and only if �(�) = �1, if and only if

� 0(�) is real, which is true if and only if � is a node.
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