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Asymptotic expressions are derived for several divisor sums restricted by the
size of the divisors or the range of values of the divisor summand argument.
This is motivated by an expression for the class number of binary quadratic
forms over the rational integers, in terms of a restricted divisor sum, which is
also derived.
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1. INTRODUCTION

There is a body of work in the literature on various restricted sums of the number
of divisors of an integer function including that described in [3, 5, 6, 7, 8, 9, 11, 4] and
summarised in Section 2 below. In this paper asymptotic expressions are derived for
sums of the form

S dalf(n))

1<n<z

2

where the function f(n) is n, n? or n® +n+ pT'H, where p = 3 mod 4 is a rational prime,

and where
do(n) =#{d:dln and 1<d<a}

for real a > 1.

Motivation for considering these sums comes from an expression which is derived for
the class number of a quadratic field with discriminant —p, in terms of a certain restricted
divisor sum. This sum is currently too difficult to estimate, in that the restrictions on
divisors depend on the summation variable n.

In deriving asymptotic expressions for the sum
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it is natural to introduce two so-called integer square root functions r4(n) and r_(n).
Both are multiplicative and take integer values. Their Dirichlet series are expressible in
a compact rational form in terms of the Riemann zeta function.

2. THE CLASS NUMBER

Define for positive integral n and real a, b with a < b, the restricted divisor function:
d(n,(a,b)) = #{d:dln and a < d < b} (1)

THEOREM 2.1. Let p be a rational prime with p > 3 and p = 3 mod 4. Then the class
number for quadratic forms with discriminant —p can be expressed in the form:

+1 +1
h(-p)=1+2 > d(n2+n+pT,(2n+l, n2+n+pT)) (2)

Proof. If f(z,y) = ax® +bry+ cy? in Z[z, y] is a quadratic form then it is primitive if

(i) 0<b<a=c or
(1) —a<b<a<c or
(#7it) O<b=a<c

The discriminant
—p = b — dac (3)

so b #£ 0.

Corresponding to each triple (a,b,c) satisfying (i), (ii) or (iii) there is a form, and
different triples correspond to inequivalent forms.

In case (i) p = (2a)? — b* = (2a + b)(2a — b) so 2a + b = p and 2a — b = 1. Therefore
a= % and b = % so there is one solution at most. But b < a implies p < 3, so there
are no solutions in case (i).

In case (ii) assume 1 < b < a < ¢, since if b is a solution so is —b and vice versa.

By (3) b is odd. Since also p = 3 mod 4

b2 +p
ac =
4

b2+p
4

2
is an integer. Hence a|>52 and a < ¢ therefore a < hence 4a® —p < b? < a® so

a<+/Z()andb</T-1.
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Similarly a < ¢ if and only if a < bi# (7).

In case (iii), 1 < b =a < ¢so p = a(4c — a). The relation a = p is imposible, since

then4c—a:1andc:pT+1<p:a.

_ ptl
4

If a =1 and 4¢ — a = p we obtain ¢ leading to the so called principal solution

1
(a,b,¢) = (1,1, 7%)

Conversely, if a|# and b < a < \/# with 1 <b < \/g— 1, then —p = b? — 4ac and
1<b<a<e.
For each odd value of b satisfying 1 < b < \/g — 1 we count the number of divisors

a of bi% satisfying b < a < 4/ #7 double to account for each solution (a, —b,c), and
add 1 for the principal solution to obtain

nep=12 Y a2

Finally, let b = 2n + 1 to obtain formula (2). |

COROLLARY 2.1. The class number h(-p) is odd.

COROLLARY 2.2. For all primes p = 3 mod 4 with p > 3,

np) > A2

since % 1S mever a square.

COROLLARY 2.3. The following upper bound is an immediate consequence:

h(—p)g(l—1 Py g Z d(n2+n+¥)

ExaMpPLE 2.1. If p = 59 a set of inequivalent representatives is {(1, 1, 15),(3,1,5), (3,—1,5)}
and h(-59)=3.
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If p=151

Il
S O N o=

so h(—151) =1+4+2(1+2)=7.

3. EXISTING RESULTS

To begin with there is Dirichlet’s famous divisor sum theorem of 1850, and its im-
provements due to Voronoi in 1903 and van der Corput in 1922.

D(x) =Y _d(n) =zlogz + (2y — Dz + O(f(x))

n<z

where f(z) = 2% with a = 12 + ¢, due to Kolesnik [13], f(z) = 29log’z with a = £
and b= % due to Huxley [?] are the best known published results.
In 1952 Erdos [3] showed that, if f is an polynomial with integer coefficients, there are

positive constants A; and Ay such that

Arxzlogx < Z d(f(n)) < Aszlogx

n<zx

where the constants A; depend on the coefficients (and hence also the degree) of f.
In [11] Scourfield quoting a result of Bellman-Shapiro states that if f is an irreducible
quadratic polynomial with integral coefficients

Z d(f(n)) = Azlogx 4+ O(xloglog x)

n<x

where the constant A depends on the coefficients of f. This result was improved by
McKee in [7, 8, 9] who derived an error bound of O(x).

In 1963 Hooley [5] considered the special case of Y, . d(n?+a) and found asymptotic
expressions for the cases a = —k? and a # —k>.

Other results for restricted divisor sums include divisors in short intervals [3, 10] and
a number of results for divisors in arithmetic progressions. The monograph [4] covers in
depth a range of related concepts.

In this article we begin the task of analysing the class number divisor sum derived
in Theorem 2.1 above by looking at the sums where the divisors are restricted in size,
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independent of the summation range. This is done first for f(n) = n then f(n) = n? and
finally f(n) =n?+n+ pT'H. In each case asymptotic expressions are derived.

4. SUMS RESTRICTED BY DIVISOR SIZE

THEOREM 4.1. Let 1 < «a <z be real numbers. Then

D(z,a) = Z do(n) =zloga+zy+ O(=) + O(a)

x
o
1<n<zx

Proof. Simply count the lattice points below the curve uv = x and above the interval
[1,0f:

D(z,a)

|
]
T

1<5<a J

= Z (*_{;})

155<a J

= z(loga+ v+ O(é)) + O(w)

8

= zloga+ay+ O(=) 4+ O(a)

Q

where vy is Euler’s constant. |

5. INTEGER SQUARE ROOTS
In this section we will derive an asymptotic expression for the restricted divisor sum

Dy(z,0) = Y da(n?)

1<n<z

by first expressing it in terms of the integer square root function r4 (n) defined as follows:
If n is a positive integer, 7, (n)|n and n|r, (n)?, and if d is such that d|n with n|d? then
r4(n)|d. This defines r4(n) uniquely.

Let r_(n) = n/ry(n). Then if

m
o=10
=1
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we have

ri(n) = Hpi%]’ and
i=1

rm) = [[r*
=1

Note that r, (n)? = n if and only if n is a perfect square, that for all primes p, if p|n
then p|ry(n), ry(n)r_(n) =n and v/n < ry(n) < n. Also (ry(n),r+(m)) = ri((n,m))
where (n,m) is the greatest common divisor. Finally, both r, and r_ are multiplicative,
but not completely multiplicative.

We will develop four Dirichlet series for these functions:

bu) = 3 el

THEOREM 5.1. For o = R(s) sufficiently large, the Dirichlet series satisfy the follow-
mg:

C(2s+1)¢(s+1)

6(s) = SEEEED (0> 0)
_ s
_ (@2s—1)¢(s—1)
¢+(S) - 4(28*2) 7<U>2)
Y_(s) = M’(g>1)

((2s)



RESTRICTED DIVISOR SUMS 7

Proof. 1f p is a prime then r (p*) = p(%w SO

P = l;[ (1 7"+(;)Ps " 7“+(P12)p25 )
1 1 1 1
- 1;[(1+ppé pp**  p*p** - pPpts )
N 1;[(1+ (m]:;)l p;QS)l (pz];;’;)2 (p;23)2+ )
1 s 2s
Il )
= 10 ) 704 )
But
e Tl 2
Hence

C(2s+1)¢(s+1)
¢(2s+2)

Finally o +1>1,20+1>1and 20 +2>1if o0 > 0.
Next, to derive the expression for ¥ _(s) use

P+ (s) =

n nsfl

(= W S T

n=1

The other two derivations follow in a similar manner. |

LEMMA 5.1.

Dy(w.a)= 3 |— ]

1<j<a 7+ (J)

Proof. 1f 1 < j <« and jm = n? for some n < x, let jy be such that jjo = ng is the
smallest multiple of j which is a square: if

m
i=]I»"
i=1
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then
m
j(] _ Hp?, mod 2
=1

and (o 4+ o; mod 2)/2 = [ ] so 71(j) = no.
Then

Dy(z, ) = Z Z

1<j<a ji=n?

n<x

-y 3o

1<j<a jigm2=n?
n<w

But jjom? = n? <= n%m2:n2 <~ nom=n,n <z < m < zx/ng.

Hence
x
D, (CL’, a) = |_ : J
1;; r+(J)
|
EXAMPLE 5.1. An elementary derivation leads to an asymptotic formula for the

partial sums of the square free reciprocals:

F(z) = 1; % = lgg +0(1)

n squarefree

To see this

> 1> p(d)

1<n<z d2|n

= Y )]
d<yz

== Y 1D o)
d<Vz

d?
d=1

= Set+0Wa)

> u(n)?

The result now follows by Abel’s Theorem for partial summation.
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A more precise result was found by Suryanarayana [12]. It is this form which we use
in the restricted divisor derivation below, so we state it as a lemma.

LEMMA 5.2 (Suryanarayana).

R
NG

F(z) = L(10gaz:+ﬂy—2</(2)) + O(

(@ (@ )

THEOREM 5.2. Forz — oo and 1l < a<z:

3y {2
2 <2

zlog’a zloga

K@ T

Dy(z, ) =

[ ]+ O0(z) + O(w)

Proof. Using Lemma 5.1:
x
DZ(£7O‘) = ZI‘T )J
n<a

where

Now let = % and for d = 1,2, 3,... let Sq be the set of positive integers n < x with
largest squared factor d?. Note that if Q(z) is defined to be the set of square free integers
less than or equal to x then Sy has |Q(Z—z)\ elements. Note also that if n is square free,
r4(nd?) = nd. Then

1
2\
S(y ) - Z r+(nd2)
d<yneQ(y?/d?)
_ > 1
i<y neq /e ™
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Now let
e
=120
and apply Lemma 5.2:
S) = Y F()
n<x
- gliosr A s -2 3 EhvoZ 31
nevz | nevs Y
= L (logz + B)(log vE+ 7+ 0(—=)) — = (21og? va+ A+ 0(%EE)) 1+ 0(1)
R0) NRRTEIN Vi
I P T S,
St e q) oW

for some constant A. Therefore

2 !
Dy(z,a) = m[ljf(;; + lgét)x(?;y - 2((22))) +O0(1)] + O(a)
_ zlog’a Lx N 3y (2 . o
= xo +C(2) log [ C(2)]+O( ) +O(a)

6. BOUNDS FOR RESTRICTED SUMS FOR QUADRATIC FORMS

THEOREM 6.1. Let f(n) be an irreducible polynomial with f(n) >0 forn=1,2,....
If 1 < a <z are real then there exist positive constants ¢y and co such that

cixloga < Z do(f(n)) < coxlog o

1<n<z
Proof. Define the three functions 6, p and N by
. 1 ifi|f(5)
0(¢,5) = o - .
=15 i)

p(i) = {5 il f(4), 1 < j <1}
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N(z,i) =445 - ilf(5),1 <j < x}
Then, since i|f(j) < i|f(i + j) we have

= 1pi) < N(a,i) < (|5] + Doli) (5)
and so
2 pli) < NG i) < (i)
Therefore
S o< Y Y ae< Y 2o
1<i<« ¢ 1<i<a1l<j<zx 1<i<a ¢
and so
x (1) . (i)
§Z—§Z ZG(’L,])SQI —
1<i<a ! 1<j<z 1<i<a 1<i<a !
or
SR@) < Y dalf() < 22R(a)
1<j<a
where
R(z) = @
1<ilx

By Lemma 9 and Section 5 of [3],
1
2¢1logz < R(x) < 502 log =

and the conclusion of the theorem follows directly. |

In case f is quadratic, then the previous result can be strengthened to give an asymp-
totic formula, using the results of McKee [7, 8, 9].

THEOREM 6.2. Let f(n) = an® + bn + ¢ be an irreducible quadratic polynomial with
f(n) >0 forn=1,2,.... Let A =b*>—4ac < 0 not be a perfect square. If 1 < a < x
are real then there exists positive constant Ay such that

S da(f(n) = Apzloga + Ofa)

1<n<lz

where
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where H(A) is the weighted class number (namely, the number of primitive and imprim-
itive forms Ax? + Bxy + Cy? with B?> — 4AC = A, giving weight one half to forms
proportional to 2% + y?, and one third to those proportional to x* + xy + y2).

Proof. Using the same notation as in the previous theorem, it follows directly from
equation (5) that

Niai) = 22+ 0(o(0)

Using the same argument as that used in the theorem it follows that

> o) =2 Y Ao oy

1<n<z 1<i<a 1<i<a

Using the results of the paper [9] given in Lemma 7 and Lemma 8 for the two sums in this

formula, we obtain the result of the theorem with the given value for the constant Af. |
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