
Part I — An introduction to partial differential equations

§1 Terminology and some examples

Many of the equations that arise in areas such as mathematical physics, fluid dynamics, me-
chanics, optics, heat flow, quantum mechanics etc are partial differential equations (PDEs). The
derivatives in these equations represent natural physicalquantities such as velocity, acceleration,
force, flux, and current.

Definition. A PDE is an equation that contains partial derivatives of a single (unknown) function.

This is to be contrasted with ordinary differential equations (ODEs) in which the unknown
function,u say, depends on only one variable, for example,u(x).

In a PDE, the unknown function depends on at least two variables. For example:

u(x, t), u(x, y, z, t).

In these notes, we use the standard notation for partial derivatives in which the subscripts indicate
the variable with respect to which we take the partial derivative, that is,

ux ≡
∂u

∂x
, uxx ≡

∂2u

∂x2 , uxt ≡
∂2u

∂ t∂x
etc.

Example 1.1.Heat equation in 1D:
∂u

∂ t
= κ

∂2u

∂x2 or ut = κuxx. ⊠

Example 1.2.Heat equation in 3D:
∂u

∂ t
= κ∇2u, where∇2u ≡ uxx + uyy + uzz. ⊠

Example 1.3.Laplace’s equation on a circle in polar coordinates (sou is a function of radiusr
and angleθ ):

urr +
1

r
ur +

1

r 2 uθθ = 0. ⊠

Example 1.4.Wave equation in 3D:ut t = c2∇2u. ⊠

§2 Solution methods

We are interested in finding the unknown functionu. There are a number of solution methods
available:

(a) Separation of variables: a PDE inn variables is reduced ton ODEs.

(b) Integral transforms: reduces a PDE inn variables to one inn − 1 variables.

(c) Change of coordinates: a PDE is transformed into an ODE oran easier PDE via techniques
such as rotation of axes.
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(d) Transformation of dependent variable: for example,v(x, y) = log[u(x, y)].

(e) Numerical methods: often the only technique that will work, but get only approximations
to the unknown functionu.

(f) Perturbation methods: changes a non-linear problem to asequence of linear ones that
approximate the original problem.

(g) Impulse-response method: this decomposes the initial/boundary conditions into simple
impulses and then finds the response to each impulse. The responses are then superposed—
such a technique assumes/requires linearity.

(h) Integral equations: convert the PDE into an integral equation in which the unknown function
appears inside an integral. For example, it may be shown thatthe PDE

∂2u

∂x2 =
1

c2

∂2u

∂ t2 + F(x) sin(ωt),

with boundary conditionsu(0, t) = u(1, t) = 0 has a solution of the form

u(x, t) = X(x) sin(ωt),

whereX satisfies the integral equation

X(x) =
∫ 1

0
k(x, w)

(

ω2

c2 X(w)− F(w)

)

dw

= −
∫ 1

0
k(x, w)F(w) dw +

ω2

c2

∫ 1

0
k(x, w)X(w) dw,

with

k(x, w) =
{

w(1 − x), w ≤ x,
x(1 −w), x < w.

(i) Calculus of variations: reformulate the PDE as a minimisation problem. The minimum of
a certain expression (often the energy) is the solution of the PDE.

(j) Eigenfunction expansion: the solution is of the form

∞
∑

(coeffs)(eigenfunctions),

where the eigenfunctions are found by solving the associated eigenvalue problem for the
PDE.

2



§3 Classification

For PDEs, the general theory and methods of solution usuallyapply to a given class of equations.

Six basic classifications are:

1. Order: this is the order of the highest partial derivativein the equation. For example,
ut = uxx is second order.

2. Number of independent variables: the PDEut = uxx has the independent variablesx andt .

3. Linearity: a PDE is linear ifu and its partial derivatives appear in a linear fashion. For
example, no powers, products, or functions of them such asu2

t , uuxx, sin(u) etc. The most
general second order linear PDE in two variablesx andy is

Auxx + Buxy + Cuyy + Dux + Euy + Fu = G. (I.1)

In (I.1), the coefficientsA(x, y), . . . ,G(x, y) are continuous functions over some domain
� of the x-y plane. u(x, y) and/or its derivatives are to satisfy given conditions on the
boundary of�.

4. Homogeneity: the equation (I.1) is homogeneous ifG(x, y) = 0 for all (x, y) ∈ � and is
non-homogeneous otherwise.

5. Kinds of coefficients: If the functionsA–F in (I.1) are constants, then (I.1) is called a
constant coefficient PDE; otherwise it is a variable coefficient PDE.

6. Four basic types of linear equations: all linear PDEs like(I.1) are either parabolic, hyper-
bolic, elliptic, or mixed.

(a) Parabolic—when the discriminantB2 − 4AC = 0 in�. An example is the equation

ut = α2uxx, α ∈ R,

which is the heat or diffusion equation. It can be used to model the temperature
distribution in a rod or to model the diffusion of gases.

(b) Hyperbolic—whenB2 − 4AC > 0 in�. An example is the wave equation

ut t = α2uxx, α ∈ R.

A more complicated example is the telegraph equation

uxx = K Lut t + (K R + LS)ut + RSu, K L > 0.

In this last equationu(x, t) represents the current or potential at timet at a pointx from
one end of a transmission line which has electrostatic potential K , self-inductanceL,
resistanceR, and leakage conductanceS. Hyperbolic PDEs usually arise when waves
or vibrations occur in a physical system. Mathematical modelling of such systems
usually involves solution of a hyperbolic equation or of a hyperbolic system.

3



(c) Elliptic—whenB2 − 4AC < 0 in�. Two examples are Laplace’s equation given by

uxx + uyy = 0,

and Poisson’s equation given by

uxx + uyy = G(x, y).

Both these equations can be used to model the steady-state orequilibrium temperature
distribution in a plate.

(d) Mixed type—an equation can be of different types at different places in�. For
example,

yuxx + uyy = 0

has

B2 − 4AC = −4y ⇒
{ parabolic fory = 0,

hyperbolic fory < 0,
elliptic for y > 0.

However, mixed types are not common in physical systems.

There are also several grades of non-linearity. For example, consider a first order PDE in two
variablesx andy:

• linear: A(x, y)ux + B(x, y)uy + C(x, y)u = D(x, y).

• semi-linear:A(x, y)ux + B(x, y)uy = E(x, y, u).

• quasi-linear:A(x, y, u)ux + B(x, y, u)uy = E(x, y, u).

In the above, the first order derivatives appear only to the first power and there are no products,
etc. of derivatives. Often if a technique works on a linear equation, it will also work for the
semi-linear and quasi-linear forms.

§4 PDEs and physical systems

The PDEs which model physical systems usually have many solutions. To select the single
solutions that represents the solution to the physical system requires imposing certain auxiliary
conditions specific to the system being modelled. These are of two categories.

(a) Boundary conditions: if a PDE inu holds in a domain� with boundary∂�, then at each
point of the boundary, one needs to know thatu satisfies one of the following:

(i) u = g (Dirichlet condition)

(ii)
∂u

∂n
= g (Neumann or flux condition)

(iii) αu + β
∂u

∂n
= g (mixed or Robin condition)

Hereg, α, andβ are known/given functions on∂� and
∂u

∂n
= n ·∇u with n the unit normal

to the boundary.
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(b) Initial conditions: conditions which must be satisfied throughout� at initial time t = 0.
For example, withu = u(x, y, t):

u(x, y, 0) = f (x, y), ux(x, y, 0) = a(x, y), uy(x, y, 0) = b(x, y).

Definition. The initial conditions, boundary conditions, and coefficients of the PDE and any
non-homogeneous term in it comprise thedataof the PDE.

Definition. The solution is said todepend continuously upon the dataif small changes in the
data produce correspondingly small changes in the solution.

Definition. A problem iswell-posedif:

(i) a solution exists;

(ii) the solution is unique;

(iii) the solution depends continuously on the data.

Otherwise, it is said to be ill-posed.

For the auxiliary conditions, that together with the PDE, comprise a well-posed problems, there
cannot be too many (else the problem will have no solution) and there cannot be too few (else
the solution will not be unique). Also, they must be of the correct type (else the solution will
not depend continuously on the data).
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Part II — Solution of the 1D heat equation

§1 Sturm-Liouville problems

When we consider the heat equation, we shall use the method ofseparation of variables, a
technique seen previously in MATH255 and perhaps also MATH331. Therefore it is appropriate
to first consider Sturm-Liouville problems as these arise when using separation of variables.
These problems are also relevant when we consider eigenfunction expansions.

Definition. The general form for asecond order Sturm-Liouville problemis given by the
differential equation

[ p(x)y′]′ − q(x)y + µr (x)y = 0, x ∈ (a, b), (II .1)

along with boundary conditions

α1y(a)+ α2y′(a) = 0, β1y(b)+ β2y′(b) = 0. (II .2)

The functionsp, p′, q, r are assumed to be continuous on[a, b], and it is further assumed that
p(x) > 0 andr (x) > 0 for x ∈ [a, b].

To see what linear second order differential equations may be written as Sturm-Liouville differ-
ential equations, consider the linear second order differential equation

a0(x)y
′′ + a1(x)y

′ + a2(x)y = 0.

By dividing through bya0(x), we obtain

y′′ + P(x)y′ + Q(x)y = 0. (II .3)

Let
p(x) = e

∫

P(x) dx

so thatp′(x) = p(x)P(x). Multiplying (II.3) through byp(x) yields

p(x)y′′ + p(x)P(x)y′ + p(x)Q(x)y = 0,

or
(py′)′ + R(x)y = 0, where R(x) = p(x)Q(x).

This last form is known as theself-adjointform since the equation is self-adjoint. (An equation
is said to be self-adjoint if the adjoint equation is the sameas itself. However, the theory of the
adjoint equation is beyond the scope of this paper.) We then see that if R(x) = p(x)Q(x) is
of the formR = −q + µr , then it is a differential equation of the Sturm-Liouville form. If the
boundary conditions are appropriate, then we have a second order Sturm-Liouville problem.

As an example of the theory associated with Sturm-Liouvilleproblems, we give the following
theorem.
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Theorem II.1. The differential equation(II.1) with boundary conditionsy(0) = y(ℓ) = 0 has
solutions for an infinite sequence of values ofµ.

Proof.Omitted. �

These values ofµ are known as the eigenvalues and the corresponding solutions the eigenfunc-
tions.

Example 1.1.For the Sturm-Liouville problem

y′′ + µy = 0, y(0) = y(ℓ) = 0,

one may show that the eigenfunctions are given byϕn = sin(
√
µnx), whereµn = n2π2/ℓ2. ⊠

The theory of Sturm-Liouville problems that is of interest to us in the solution of partial
differential equations is given in the following theorem.

Theorem II.2. The eigenfunctions of the Sturm-Liouville problem given by(II.1) and(II.2) are
orthogonal on the interval[a, b] with respect to the weight functionr .

Proof. Let ϕm andϕn be eigenfunctions corresponding todifferent eigenvaluesµm andµn.
Hence they satisfy

(pϕ′
m)

′ + (−q + µmr )ϕm = 0, (II .4)

(pϕ′
n)

′ + (−q + µnr )ϕn = 0. (II .5)

Thenϕn × (II .4)− ϕm × (II .5) yields

ϕn(pϕ
′
m)

′ − ϕm(pϕ
′
n)

′ + (µm − µn)rϕmϕn = 0.

This may be written as

[

p(ϕnϕ
′
m − ϕmϕ

′
n)

]′ + (µm − µn)rϕmϕn = 0.

Upon integration over [a, b], we find

[ p(ϕnϕ
′
m − ϕmϕ

′
n)]

b
a + (µm − µn)

∫ b

a
rϕmϕn dx = 0,

or

p(b)W[ϕn(b), ϕm(b)] − p(a)W[ϕn(a), ϕm(a)] + (µm − µn)

∫ b

a
rϕmϕn dx = 0,

whereW[ϕn(x), ϕm(x)] is the Wronskian

W[ϕn(x), ϕm(x)] =
∣

∣

∣

∣

ϕn(x) ϕm(x)
ϕ′

n(x) ϕ′
m(x)

∣

∣

∣

∣

.
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However, since bothϕm andϕn are solutions of the Sturm-Liouville problem, then the boundary
conditions in (II.2) show that

α1ϕm(a)+ α2ϕ
′
m(a) = 0, α1ϕn(a)+ α2ϕ

′
n(a) = 0.

By using ϕ′
m(a) = −α1ϕm(a)/α2 and ϕ′

n(a) = −α1ϕn(a)/α2 in the expression for
W[ϕn(a), ϕm(a)], it is easy to verify thatW[ϕn(a), ϕm(a)] = 0. A similar argument shows that
W[ϕn(b), ϕm(b)] = 0. Hence we conclude that

(µm − µn)

∫ b

a
rϕmϕn dx = 0.

Sinceµm 6= µn, the result follows. �

An orthogonal set of functions is like an orthogonal basis for vectors. It is natural to ask whether
we can expand any function out as an (infinite) linear combination of the basis functions, that
is, if {ϕn} is an orthogonal set such as ones that arise from Sturm-Liouville problems, can we
expand any functionf in the form

f (x) =
∞
∑

n=1

cnϕn(x)? (II .6)

If the answer is ‘yes’, the expansion given in (II.6) is called aFourier series. Assuming (II.6) is
valid, we can obtain expressions for theFourier coefficients cn. Let 〈·, ·〉 be the inner product
given by

〈 f, g〉 =
∫ b

a
r (x) f (x)g(x) dx.

Then by taking the inner product of (II.6) withϕm, we get

〈 f, ϕm〉 =
∞
∑

n=1

cn〈ϕn, ϕm〉.

But 〈ϕn, ϕm〉 = 0 for n 6= m and hence

〈 f, ϕm〉 = cm〈ϕm, ϕm〉 = cm‖ϕm‖2.

Hence we conclude that

cm =
〈 f, ϕm〉
‖ϕm‖2 =

∫ b
a r (x) f (x)ϕm(x) dx
∫ b

a r (x)ϕ2
m(x) dx

. (II .7)

Example 1.2.For y′′ + µy = 0, y(0) = y(ℓ) = 0, the eigenvalues areµn = (nπ/ℓ)2, n ≥ 1,
with eigenfunctionsϕn(x) = sin(nπx/ℓ). The previous theorem then shows that

∫ ℓ

0
sin(mπx/ℓ) sin(nπx/ℓ) dx = 0 for m 6= n.
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Moreover, we have

f (x) =
∞
∑

n=1

cn sin(nπx/ℓ),

where

cn =
∫ ℓ

0 f (x) sin(nπx/ℓ) dx
∫ ℓ

0 sin2(nπx/ℓ) dx
= 2

ℓ

∫ ℓ

0
f (x) sin(nπx/ℓ) dx. ⊠

Example 1.3.For y′′ + µy = 0, y′(0) = y′(ℓ) = 0, the eigenvalues areµn = (nπ/ℓ)2, n ≥ 0,
with eigenfunctionsϕn(x) = cos(nπx/ℓ). The previous theorem then shows that

∫ ℓ

0
cos(mπx/ℓ) cos(πx/ℓ) dx = 0 for m 6= n. ⊠

Example 1.4.For the equationy′′ +µy = 0, let the boundary values bey(0) = 0 andy′(ℓ) = 0.
It is not hard to verify that the trivial solution is obtainedwhenµ ≤ 0. Thus takeµ = ω2 > 0.
Then

y(x) = Asin(ωx)+ B cos(ωx).

y(0) = 0 ⇒ B = 0. Sincey′(ℓ) = Aω cos(ωℓ) = 0, we require

ωℓ = (2n − 1)
π

2
, n ≥ 1.

Thus the eigenvalues are

µn = (2n − 1)2π2

4ℓ2

and the corresponding eigenfunctions are sin(
√
µnx). The previous theorem then shows that

∫ ℓ

0
sin(

√
µmx) sin(

√
µnx) dx = 0 for m 6= n. ⊠

Example 1.5.For the equationy′′ + µy = 0, let the boundary values bey′(0) = 0 and
βy(ℓ) + y′(ℓ) = 0, β 6= 0. It is not hard to verify that the trivial solution is obtained when
µ ≤ 0. Thus takeµ = ω2 > 0. Then

y(x) = Asin(ωx)+ B cos(ωx).

y′(0) = 0 ⇒ A = 0. Then we require

βB cos(ωℓ)− Bω sin(ωℓ) = 0.

This yields

tan(ωℓ) =
β

ω
. (II .8)
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One can see from a graph that there exists an infinite number ofvalues ofωn satisfying this
equation.

The eigenvalues areµn = ω2
n with eigenfunctions cos(ωnx). The previous theorem then shows

that
∫ ℓ

0
cos(ωmx) cos(ωnx) dx = 0 for m 6= n.

Moreover, if we write

f (x) =
∞
∑

n=1

cn cos(ωnx),

then we have from (II.7) that

cn =
∫ ℓ

0 f (x) cos(ωnx) dx

‖ cos(ωnx)‖2 .

We now obtain an expression for‖ cos(ωnx)‖2. We have

‖ cos(ωnx)‖2 =
∫ ℓ

0
cos2(ωnx) dx =

1

2

∫ ℓ

0
(1 + cos(2ωnx)) dx =

1

2

[

ℓ+
sin(2ωnℓ)

2ωn

]

.

However,

sin(2ωnℓ) = 2 sin(ωnℓ) cos(ωnℓ) =
2 tan(ωnℓ)

sec2(ωnℓ)
=

2 tan(ωnℓ)

1 + tan2(ωnℓ)
=

2β/ωn

1 + β2/ω2
n

=
2βωn

ω2
n + β2 ,
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where the penultimate step follows from (II.8). Thus

‖ cos(ωnx)‖2 =
1

2

[

ℓ+
β

ω2
n + β2

]

. ⊠

§2 Boundary conditions

Recall that the heat equation in 1D is

∂u

∂ t
= κ

∂2u

∂x2 , κ > 0.

This equation models the temperature distribution of a rod which we shall assume is of length
ℓ > 0. In this equation,x satisfying 0≤ x ≤ ℓ is the distance from the left-hand end andt ≥ 0
is time. The parameterκ is called thethermal diffusivityof the material of which the rod is
composed.

In order to ensure a unique solutionu, one usually has boundary conditions atx = 0 andx = ℓ

and an initial condition att = 0 which specifiesu(x, 0).

As we have seen earlier, there might be several types of boundary conditions.

(i) u(0, t) = g1(t), u(ℓ, t) = g2(t), so the temperature is specified on the boundary.

(ii) ux(0, t) = g1(t), ux(ℓ, t) = g2(t), so the heat flow across the boundaries are specified.

(iii) ux(0, t)+ γu(0, t) = g1(t), ux(ℓ, t)+ γu(ℓ, t) = g2(t). This specifies the temperature of
the surrounding medium.

§3 Separation of variables

This technique is useful for initial boundary-value problems in which:

(i) The PDE is linearandhomogeneous.

(ii) The boundary conditions are of the form

αux(0, t)+ βu(0, t) = 0, γux(ℓ, t)+ ηu(ℓ, t) = 0,

whereα, β, γ , andη are constants. These boundary conditions are called linearhomoge-
neous boundary conditions.

The basic idea is to assume there exists a solution of the formu(x, t) = X(x)T(t)which satisfies
the PDE and the boundary conditions. In fact, there are usually infinitely-many such solutions,
un(x, t) = Xn(x)Tn(t), known as fundamental solutions. We add these together to form the
general solution

u(x, t) =
∞
∑

n=1

AnXn(x)Tn(t),

with the An chosen so that the initial condition is satisfied.
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Example 3.1.We solve by separation of variables, the problem

ut = κuxx

with conditions
u(0, t) = u(ℓ, t) = 0, u(x, 0) = φ(x).

We assume there exists a solution of the formu(x, t) = X(x)T(t). Substitution into the PDE
yields

X(x)
dT

dt
= κ

d2X

dx2 T(t).

We then collect all the terms inx on one side and the terms int on the other side:

1

κ

Ṫ(t)

T(t)
= X′′(x)

X(x)
.

(Here, we use ′ to denote differentiation with respect tox and ˙ to denote differentiation with
respect tot .)

The left-hand side of this equation is a function oft only while the right-hand side is a function
of x only. The only way this can happen is if the functions are equal to a constant,k say. Hence

1

κ

Ṫ(t)

T(t)
= k =

X′′(x)

X(x)
.

Rearranging yields the pair of uncoupled ODEs to solve:

Ṫ(t)− kκT(t) = 0, X′′(x)− kX(x) = 0.

But what value ofk should we use. We assume thatu, X, T , andκ are all real and not complex.
Hencek is real and the three possibilities arek > 0, k = 0, andk < 0.

Fork 6= 0, the solution ofṪ −kκT = 0 isT(t) = T(0)e(kκ)t . Fork > 0, T(t) → ∞ ast → ∞
which is not physical. Fork < 0, the solution looks plausible.

For k = 0, Ṫ = 0 meansT is a constant, sayT0. Then X′′(x) = 0 meansX(x) = ax + b.
Hence

u(x, t) = X(x)T(t) = T0(ax + b) ≡ Cx + D.

Returning back to the casek < 0, let us writek = −λ2. Then we have

T(t) = T(0)e−κλ2t .

Also, the solution ofX′′(x)+ λ2X(x) = 0 is

X(x) = Asin(λx)+ B cos(λx),
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whereA andB are arbitrary constants. Hence

u(x, t) = X(x)T(t) = [ Asin(λx)+ B cos(λx)] T(0)e−κλ2t . (II .9)

We see we can takeT(0) = 1, that is, absorb the value ofT(0) into A andB.

We now have an infinity of solutions to the PDE. These are givenby eitherCx+ D or (II.9). We
want those that satisfy the boundary conditions. Consideringu(0, t) = 0, we see that we have

D = 0 and B = 0.

Also, u(ℓ, t) = 0 implies
C = 0 and Asin(λℓ) = 0.

We don’t want A = 0, otherwiseu(x, t) ≡ 0, the trivial solution. We then conclude that
sin(λℓ) = 0 and hence

λ = ±
nπ

ℓ
, n = 1, 2, 3, . . .

So the fundamental solutions that satisfy the boundary conditions are given by

un(x, t) = Ane−κ(nπ/ℓ)2t sin(nπx/ℓ).

(Note that we taken > 0 here; the solutions withn < 0 are essentially the same.)

We now choose theAn to satisfy the initial condition. As the PDE is linear, the sum of the
fundamental solutions is also a solution of the PDE and satisfies the boundary conditions. So
the general solution of the PDE satisfying the boundary conditions is given by

u(x, t) =
∞
∑

n=1

Ane−κ(nπ/ℓ)2t sin(nπx/ℓ).

Each term inu(x, t) is a sine wave with an exponentially decaying amplitude.

This expression foru(x, t)must hold for allt ≥ 0. Sinceu(x, 0) = φ(x), we have

φ(x) =
∞
∑

n=1

An sin(nπx/ℓ).

We recognise that we have expressedφ(x) as a Fourier sine series. From Example 1.2, we
conclude that

An = 2

ℓ

∫ ℓ

0
φ(x) sin(nπx/ℓ) dx. ⊠

Example 3.2.We solve by separation of variables the heat equation as in the previous example,
but with conditions

u(0, t) = 0, ux(ℓ, t)+ βu(ℓ, t) = 0, u(x, 0) = x,
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whereβℓ 6= −1. As before, we obtain the pair of uncoupled ODEs given by

Ṫ(t)− kκT(t) = 0, X′′(x)− kX(x) = 0.

The same reasoning as in the previous example shows we shouldrejectk > 0. Fork = 0, we
haveX(x) = Cx + D. The boundary conditionsu(0, t) = 0 yieldsD = 0 so thatX(x) = Cx.
The other boundary conditionux(ℓ, t)+ βu(ℓ, t) = 0 then yieldsC + βCℓ = 0, which shows
thatC = 0.

So we have to takek < 0 and we writek = −λ2, as before. Again, we obtain the solutions

u(x, t) = X(x)T(t) = [ Asin(λx)+ B cos(λx)] e−κλ2t .

We now need those solutions that satisfy the boundary conditions. Consideringu(0, t) = 0, we
see that we haveB = 0. Moreover, the boundary conditionux(ℓ, t)+ βu(ℓ, t) = 0 yields

Aλ cos(λℓ)+ βAsin(λℓ) = 0.

We don’t wantA = 0, otherwiseu(x, t) ≡ 0, the trivial solution. We then conclude that we
require

tan(λℓ) =
−λ
β
. (II .10)

There exists an infinite number of valuesλn satisfying this relationship (compare with Exam-
ple 1.5). So the fundamental solutions that satisfy the boundary conditions are given by

un(x, t) = Ane−κλ2
nt sin(λnx).

We now choose theAn to satisfy the initial condition. The general solution of the PDE satisfying
the boundary conditions is given by

u(x, t) =
∞
∑

n=1

Ane−κλ2
nt sin(λnx).

Sinceu(x, 0) = x, we have

x =
∞
∑

n=1

An sin(λnx).

Our work on Sturm-Liouville problems shows that

An =
∫ ℓ

0 x sin(λnx) dx

‖ sin(λnx)‖2 .
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We now obtain an expression for‖ sin(λnx)‖2. We have

‖ sin(λnx)‖2 =
∫ ℓ

0
sin2(λnx) dx =

1

2

∫ ℓ

0
(1 − cos(2λnx)) dx =

1

2

[

ℓ−
sin(2λnℓ)

2λn

]

=
λnℓ− sin(λnℓ) cos(λnℓ)

2λn
.

Similar to Example 1.5, we can obtain an expression for‖ sin(λnx)‖2 which does not involve
sine and cosine terms. We have

sin(λnℓ) cos(λnℓ) =
tan(λnℓ)

sec2(λnℓ)
=

tan(λnℓ)

1 + tan2(λnℓ)
=

−λn/β

1 + λ2
n/β

2 =
−βλn

β2 + λ2
n
,

where the penultimate step follows from (II.10). Thus

‖ sin(λnx)‖2 =
1

2

[

ℓ+
β

β2 + λ2
n

]

. ⊠

§4 Heat equation and non-homogeneous boundary conditions

Suppose we have the heat equation given byut − κuxx = 0 along with the non-homogeneous
boundary conditions given by

α1ux(0, t)+ β1u(0, t) = g1(t), α2ux(ℓ, t)+ β2u(ℓ, t) = g2(t).

The question we explore in this section is whether we can apply some transformation so that the
boundary conditions become homogeneous, that is, have a functionU(x, t) for which

α1Ux(0, t)+ β1U(0, t) = 0, α2Ux(ℓ, t)+ β2U(ℓ, t) = 0.

If one thinks about the physical system behind the heat equation, one might expect that as time
progresses, the temperature in the rod might reach a steady-state or equilibrium solution. So
one might wish to consider

u(x, t) = steady-state solution+ transient solution,

where the transient solution goes to 0 ast → ∞.

Example 4.1.We considerut −κuxx = 0 along with the non-homogeneous boundary conditions
given by

u(0, t) = g1(t), ux(ℓ, t)+ βu(ℓ, t) = g2(t),

and initial conditionu(x, 0) = φ(x).

15



Suppose we assumeu(x, t) = S(x, t) + U(x, t), where the transient solutionU(x, t) satisfies
homogeneous boundary conditions. In this case, we would have

U(0, t) = 0, Ux(ℓ, t)+ βU(ℓ, t) = 0.

It then follows that

S(0, t) = g1(t), Sx(ℓ, t)+ βS(ℓ, t) = g2(t).

It is not clear what the form ofS(x, t) should be. One form that works is to take

S(x, t) = A(t)(1 − x/ℓ)+ B(t)x/ℓ.

so thatg1(t) = S(0, t) = A(t) andg2(t) = Sx(ℓ, t)+ βS(ℓ, t) = −A(t)/ℓ+ B(t)/ℓ+ βB(t).
We then haveA(t) = g1(t) and

B(t) = g2(t)+ A(t)/ℓ

1/ℓ+ β
= g2(t)+ g1(t)/ℓ

1/ℓ+ β
= ℓg2(t)+ g1(t)

1 + βℓ
.

ThusS(x, t) is now known. Note that sinceS(x, t) is linear inx, thenSxx(x, t) = 0.

Returning to the PDE,ut − κuxx = 0 becomes

St + Ut − κ (Sxx + Uxx) = 0 or Ȧ(t)(1 − x/ℓ)+ Ḃ(t)x/ℓ+ Ut − κUxx = 0.

Hence the PDE forU(x, t) is now

Ut − κUxx = −St ,

which is generally non-homogeneous (but not always; for example, if g1 andg2 were constants,
thenSt = 0). By construction,U satisfies homogeneous boundary conditions and the (new, but
known) initial condition is given by

U(x, 0) = u(x, 0)− S(x, 0) = φ(x)− A(0)(1 − x/ℓ)− B(0)x/ℓ.

If the resulting PDE forU(x, t) is non-homogeneous, then it turns out that the method of
separation of variables does not work and we need other techniques to solve the problem. ⊠

§5 Transforming hard equations into easier ones

The idea is similar to what we did in the previous section in which we transformed non-
homogeneous boundary conditions into homogeneous ones by introducing a new function.
Here the focus is on simplifying the PDE rather than the boundary conditions. However, we
normally need to have a good “guess” to make progress with this method.
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Example 5.1.Suppose we have the non-homogeneous heat equationut − κuxx = −γu with
boundary and initial conditions

u(0, t) = u(ℓ, t) = 0, u(x, 0) = φ(x).

The physics of the situation indicates that at any pointx, the temperature is changing as a result
of two phenomenon:

• diffusion of heat within the rod which is represented byuxx.

• heat flow through the sides represented by−γu.

Observe that if no diffusion occurred, that is,κ = 0, then the equation becomesut = −γu,
which has solution

u(x, t) = φ(x)e−γ t ,

Based on this, let us tryu(x, t) = w(x, t)e−γ t . Then our original PDE becomes

wte
−γ t − wγe−γ t − κwxxe−γ t = −γwe−γ t or wt − κwxx = 0.

For the functionw(x, t), the boundary and initial conditions are the same as those for u(x, t):

w(0, t) = w(ℓ, t) = 0, w(x, 0) = φ(x).

So we now have a problem which we have already solved previously. ⊠

§6 Non-homogeneous PDEs and eigenfunction expansions

When we have a non-homogeneous PDE, then even though the boundary conditions may be
homogeneous, then we cannot use the method of separation of variables. Other options include
integral transforms (which are quite powerful) and eigenfunction expansions. We now consider
the latter technique.

Suppose we have the non-homogeneous heat equation given byut − κuxx = f (x, t) along with
the homogeneous boundary conditions given by

α1ux(0, t)+ β1u(0, t) = 0, α2ux(ℓ, t)+ β2u(ℓ, t) = 0,

and initial conditionu(x, 0) = φ(x).

The idea is to find a solution of the form

u(x, t) =
∞
∑

n=1

Xn(x)Tn(t),

where theXn(x) are the eigenfunctions corresponding to the Sturm-Liouville problem arising
from solving the homogeneous PDE. As we shall shortly see in an example, theTn(t)will satisfy
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a first order ODE. In order to obtain this ODE, we need to expandf (x, t) into an expansion
similar to that foru(x, t), namely

f (x, t) =
∞
∑

n=1

Xn(x) fn(t).

Then similar to the derivation of (II.7), we obtain

fn(t) =
〈 f (·, t), Xn〉

‖Xn‖2 =
∫ ℓ

0 r (x) f (x, t)Xn(x) dx
∫ ℓ

0 r (x)X2
n(x) dx

.

Example 6.1.Let us considerut −κuxx = f (x, t) along with the boundary and initial conditions
given by

u(0, t) = u(ℓ, t) = 0, u(x, 0) = φ(x).

For these homogeneous boundary conditions, we know that theXn(x) are given by sin(nπx/ℓ).
Hence,

f (x, t) =
∞
∑

n=1

sin(nπx/ℓ) fn(t),

where thefn(t) are given by

fn(t) =
2

ℓ

∫ ℓ

0
f (x, t) sin(nπx/ℓ) dx.

Assuming that

u(x, t) =
∞
∑

n=1

Xn(x)Tn(t) =
∞
∑

n=1

sin(nπx/ℓ)Tn(t),

we now substitute this into the PDE. (Note that the boundary conditionsu(0, t) = u(ℓ, t) = 0
are already satisfied.) Hence we obtain

∞
∑

n=1

sin(nπx/ℓ)Ṫn(t)+ κ
(π

ℓ

)2 ∞
∑

n=1

n2 sin(nπx/ℓ)Tn(t) = f (x, t) =
∞
∑

n=1

sin(nπx/ℓ) fn(t),

or
∞
∑

n=1

sin(nπx/ℓ)

(

Ṫn(t)+ κ
(nπ

ℓ

)2
Tn(t)− fn(t)

)

= 0.

Since this must hold for allx in the domain, we conclude that

Ṫn(t)+ κ
(nπ

ℓ

)2
Tn(t) = fn(t). (II .11)
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To satisfy the initial conditionu(x, 0) = φ(x), we require

φ(x) =
∞
∑

n=1

sin(nπx/ℓ)Tn(0) ⇒ Tn(0) =
2

ℓ

∫ ℓ

0
φ(x) sin(nπx/ℓ) dx.

Solving the initial value problem consisting of the first order ODE given in (II.11) and this initial
conditionTn(0) then yields the required functionsTn(t).

In fact, by using an integrating factor on (II.11), we see that it has solution given by

Tn(t) = e−κn2π2t/ℓ2
∫

eκn2π2t/ℓ2
fn(t) dt + Cne−κn2π2t/ℓ2

,

whereCn is an arbitrary constant. Setting

Gn(t) =
∫

eκn2π2t/ℓ2
fn(t) dt,

the initial condition yieldsTn(0) = Gn(0)+ Cn and henceCn = Tn(0)− Gn(0). Thus

Tn(t) = e−κn2π2t/ℓ2(
Gn(t)+Tn(0)−Gn(0)

)

= e−κn2π2t/ℓ2
(∫ t

0
eκn2π2v/ℓ2

fn(v) dv + Tn(0)

)

.

Henceu(x, t) is given by
∞
∑

n=1

sin(nπx/ℓ)e−κn2π2t/ℓ2
∫ t

0
eκn2π2v/ℓ2

fn(v) dv +
∞
∑

n=1

Tn(0) sin(nπx/ℓ)e−κn2π2t/ℓ2
.

In this expression, we see that the solution is in two parts. The first part arises from the non-
homogeneous termf (x, t) (and contributes to the steady state component of the solution) while
the second part arises from the initial condition. The second part is transient since it goes to
zero ast → ∞. ⊠

Example 6.2.As a special case of the previous example, supposef (x, t) = sin(5πx/ℓ) and
φ(x) = sin(2πx/ℓ). Then

fn(t) =
2

ℓ

∫ ℓ

0
sin(5πx/ℓ) sin(nπx/ℓ) dx = δn5,

whereδi j is the Kronecker delta function, that is,

δi j =
{

1, i = j ,
0, i 6= j .

Similarly, Tn(0) = δn2. It then follows that

u(x, t) = sin(5πx/ℓ)e−25κπ2t/ℓ2
∫ t

0
e25κπ2v/ℓ2

dv + sin(2πx/ℓ)e−4κπ2t/ℓ2

= sin(5πx/ℓ)e−25κπ2t/ℓ2

[

e25κπ2t/ℓ2 − 1

25κπ2/ℓ2

]

+ sin(2πx/ℓ)e−4κπ2t/ℓ2

= sin(5πx/ℓ)ℓ2

[

1 − e−25κπ2t/ℓ2

25κπ2

]

+ sin(2πx/ℓ)e−4κπ2t/ℓ2
.

In this solution we see that ast → ∞, u(x, t) → ℓ2 sin(5πx/ℓ)

25κπ2
. Here we see a steady-state

part arising fromf (x, t) and the transient part arising from the initial condition. ⊠
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Part III — Classification and characteristics of second order linear PDEs

§1 Classification

As already mentioned previously, the most general second order linear PDE in two independent
variablesx andy is

Auxx + Buxy + Cuyy + Dux + Euy + Fu = G. (III .1)

The coefficientsA(x, y), . . . ,G(x, y) are continuous functions over some domain� of thex-y
plane.u(x, y) and/or its derivatives are to satisfy given conditions on the boundary of�.

The typeof this equation is determined by itsprincipal part (that is, the terms involving the
second order derivatives) and in part by the sign of the discriminant B2 − 4AC.

§2 Characteristics

These are special curvesŴ = y(x) associated with (III.1). Questions we are interested in are:

Q1. How can a coordinate transform be used to simplify the principal part of (III.1)?

Q2. Along what curvesy(x) is a knowledge ofu, ux, anduy insufficient to uniquely determine
the second order derivativesuxx, uxy, anduyy?

For Q1, suppose there exists a change of variables

φ = φ(x, y) and ψ = ψ(x, y)

which is locally invertible, that is,φxψy − φyψx 6= 0. Under the change of variables, then

Auxx+Buxy+Cuyy+Dux+Euy+Fu = G → auφφ+buφψ+cuψψ+duφ+euψ+Fu = G.

Then one can show (as an exercise!) that

a = A(φx)
2 + Bφxφy + C(φy)

2, (III .2)

b = 2Aφxψx + B(φxψy + φyψx)+ 2Cφyψy, (III .3)

c = A(ψx)
2 + Bψxψy + C(ψy)

2, (III .4)

d = Aφxx + Bφxy + Cφyy + Dφx + Eφy, (III .5)

e = Aψxx + Bψxy + Cψyy + Dψx + Eψy. (III .6)

Some algebra yields
b2 − 4ac = (B2 − 4AC)(φxψy − φyψx)

2. (III .7)

The last term is never zero. Therefore the original and transformed discriminant have the same
sign.
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Moreover, if we chooseφ andψ such thata = c = 0, the principal part of the transformed
equation will be particularly simple. This requires thatφ andψ are each solutions of

A(zx)
2 + Bzxzy + C(zy)

2 = 0, z = z(x, y). (III .8)

Such a solution defines a surfacez(x, y). The level curves or contoursz(x, y) = constant of
this surface are called the characteristics of (III.1).

For Q2, supposeu, ux, anduy are known along a smooth curveŴ on thex-y plane. If this curve
is parametrised by the parameters so that

x = x(s), y = y(s), u = F(s), ux = G(s), uy = H(s),

then we use the chain rule given by

d

ds
=

dx

ds

∂

∂x
+

dy

ds

∂

∂y

to obtain
d

ds
(ux) = uxx

dx

ds
+ uxy

dy

ds
=

dG

ds
and

d

ds

(

uy
)

= uyx
dx

ds
+ uyy

dy

ds
=

dH

ds
.

Together with the PDE (III.1), there are three linear equations in three unknowns for the second
order derivatives. This may be written in matrix form as

[ A B C
x′(s) y′(s) 0

0 x′(s) y′(s)

] [ uxx
uxy

uyy

]

= known vector.

This system has a unique solution provided the determinant of the coefficient matrix is not zero.
Now this matrix has determinant given by

A[y′(s)]2 − Bx′(s)y′(s)+ C[x′(s)]2 = A

[

dy

ds

]2

− B

[

dx

ds

dy

ds

]

+ C

[

dx

ds

]2

= A

[

dy

dx

dx

ds

]2

− B

[

dx

ds

dy

dx

dx

ds

]

+ C

[

dx

ds

]2

=
[

Aη2 − Bη+ C
]

[

dx

ds

]2

,

with η =
dy

dx
being the tangent toŴ at(x, y(x)). In generalx′(s) 6= 0 and hence the determinant

is zero when
Aη2 − Bη+ C = 0. (III .9)

This is a nonlinear ODE forη =
dy

dx
and determines the curvesŴ for which the linear system

does not have a unique solution. These curves are the characteristics of the PDE.
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We note the following:

• Clearly there are two, one, or zero real solutions to (III.9)depending on the sign of
B2 − 4AC.

• In the hyperbolic case of two real solutions, the characteristics define natural coordinates
φ andψ in which to study the PDE given in (III.1).

• In the elliptic case, there are zero real solutions. This means that there are no curves along
which discontinuities can propagate. Thus solutions of elliptic equations are generally
smooth.

• In the parabolic case, there is just one real solution. This means that it is not possible to
make botha andc equal to the zero function.

• Related to the indeterminacy/non-uniqueness of second order derivatives along a charac-
teristic is that fact that (physically significant) discontinuities in the solution of (III.1) can
propagate ONLY along characteristics. So for physical systems modelled by hyperbolic
PDEs, one might expect phenomena such as shocks.

We now give examples of characteristics by considering the wave equation (hyperbolic),
Laplace’s equation (elliptic), and the heat equation (parabolic).

Example 2.1.The one dimensional wave equation is given byut t − c2uxx = 0. Usingt as the

‘ y’-variable, thenη = dt

dx
satisfies the equation given in (III.9). Hence

−c2η2 − 0 + 1 = 0 ⇒
dt

dx
= ±

1

c
.

Thus the characteristics are the curves

t = x

c
+ c1 and t = − x

c
+ c2,

wherec1 andc2 are constants, orct − x = k1 andct + x = k2. ⊠

Example 2.2.The two dimensional Laplace’s equation is given byuxx+uyy = 0. Thenη =
dy

dx
satisfies

η2 − 0 + 1 = 0 ⇒
dy

dx
= ±i,

where i2 = −1. Thus the characteristics are the curves

y = ix + c1 and y = −ix + c2,

wherec1 andc2 are constants. The characteristics are not real-valued. ⊠

Example 2.3.The one dimensional heat equation is given byut − κuxx = 0. Thenη = dt

dx
satisfies

−κη2 − 0 + 0 = 0 ⇒
dt

dx
= 0.

Thus the characteristics are the curvest = constant. ⊠
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In answering Q1 and Q2, we have introduced characteristics via (III.8) and (III.9). We would
expect some connection between them as is indeed the case.

Theorem III.1. If z(x, y) is a solution of(III.8), thenz(x, y) = constant is a characteristic of
(III.1) if and only if z(x, y) = constant is a solution of(III.9).

Proof. Assumez(x, y) is a solution of (III.8) with zy 6= 0. Thereforez(x, y) = K =
constant (implicitly) defines at least one single-valued function y = F(x; K ). Differentiat-
ing z(x, y(x)) = K with respect tox yields

∂z

∂x
+ ∂z

∂y

dy

dx
= 0 ⇒ dy

dx
= −zx

zy
.

Dividing (III.8) by (zy)
2 yields

A

(

zx

zy

)2

+ B
zx

zy
+ C = 0.

With η =
dy

dx
, we then see that

Aη2 − Bη+ C = 0,

which is precisely (III.9). Thereforey = F(x; K ) satisfies (III.9) which implies thatz(x, y) =
K is an implicit solution of (III.9)

In our proof so far, we have assumed thatzy 6= 0. If it is the case thatzy = 0, but (III.8) is not
identically satisfied, then we must havezx 6= 0 and we can repeat the above argument with the
roles ofx andy swapped around.

We now prove the converse of the result. Letz(x, y) = K be a general solution of (III.9). We
want to show thatz(x, y) satisfies (III.8) at an arbitrary point(x0, y0). So letK0 = z(x0, y0)

and consider curvesy = G(x; K0).

Along G, (III.9) holds so that

A

(

dy

dx

)2

− B
dy

dx
+ C = 0.

But alsoz(x, y) = constant here so that as before

dy

dx
= −

zx

zy
.

Substitution then yields

A

(

zx

zy

)2

+ B
zx

zy
+ C = 0 ⇒ A(zx)

2 + Bzxzy + C(zy)
2 = 0.

which when evaluated atx = x0 is equal to (III.8). So the solutions of (III.8) and (III.9) match.
�
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§3 Canonical forms

It is possible to show that ifA, B, andC are smooth functions ofx andy, then there will always
exist a locally one-to-one coordinate transformation

φ = φ(x, y) and ψ = ψ(x, y)

which transforms the principal part of (III.1) to the following CANONICAL FORMS:







parabolic (heat equation) uφφ ,
hyperbolic (wave equation)uφψ or uφφ − uψψ ,
elliptic (steady state) uφφ + uψψ .

If it happens thatA, B, andC are constants, then the transformation turns out to be a linear
change of variable. To obtain the appropriate transformation, we can make use of characteristics.

Example 3.1.It may be verified that the PDE

2uxx − 4uxy − 6uyy + ux = 0

is hyperbolic. To find the characteristics, we make use of (III.9). For η = dy

dx
, we have

2η2 + 4η − 6 = 0 and hence

dy

dx
=

−4 ±
√

16− (−48)

4
=

−4 ± 8

4
= −3, 1.

Upon integration, we find the characteristic curves are given by

y = −3x + c1 and y = x + c2 or 3x + y = c1 and − x + y = c2.

Then the transformations we require areφ(x, y) = 3x + y andψ(x, y) = −x + y. By making
use of (III.2)–(III.6), we find the original PDE is transformed to

−32uφψ + 3uφ − uψ = 0. ⊠

We consider the situation in which (III.1) is an elliptic equation, that is,B2−4AC < 0. Though
the characteristics are not real, it is still possible to make use of the characteristics to transform
the principal part into the canonical formuφφ + uψψ .

Thenη =
dy

dx
is given by the complex values

dy

dx
=

B ± i
√

|B2 − 4AC|
2A

.
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The characteristics are of the form

z(x, y(x)) = φ(x, y)± iψ(x, y) = constant.

We see from (III.8) that

0 = A(zx)
2 + Bzxzy + C(zy)

2

= A(φx + iψx)
2 + B(φx + iψx)(φy + iψy)+ C(φy + iψy)

2

= A[(φx)
2 − (ψx)

2] + B[φxφy − ψxψy] + C[(φy)
2 − (ψy)

2]

+ i
[

2Aφxψx + B(φxψy + φyψx)+ 2Cφyψy
]

=
[

A(φx)
2 + Bφxφy + C(φy)

2
]

−
[

A(ψx)
2 + Bψxψy + C(ψy)

2
]

+ i
[

2Aφxψx + B(φxψy + φyψx)+ 2Cφyψy
]

= [a − c] + bi,

where we have made use of (III.2)–(III.4). Hencea = c andb = 0.

So takingφ = φ(x, y) andψ = ψ(x, y) transforms the principal partAuxx + Buxy + Cuyy to

auφφ + buφψ + cuψψ = a(uφφ + uψψ ).

Dividing by a yields the canonical form.

Example 3.2.We find the canonical form of the elliptic equation

uxx + 2uxy + 17uyy = 0.

Then
dy

dx
=

2 ±
√

22 − 68

2
= 1 ± 4i ⇒ y = x ± i4x + constant.

So the characteristics are of the form

z(x, y) = x − y ± i4x = constant.

So we can take the transformations to beφ(x, y) = x− y andψ(x, y) = 4x. Then, as expected,
the original equation gets transformed to

16uφφ + 16uψψ = 0 or uφφ + uψψ = 0. ⊠

We now give an example showing how a parabolic equation may beput into canonical form.
Example 3.3.The PDE

e2xuxx + 2ex+yuxy + e2yuyy = 0

is parabolic since
B2 − 4AC = 4e2x+2y − 4e2xe2y = 0.
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To find the single real characteristic, we have

dy

dx
=

2ex+y

2e2x
= ey−x ⇒ e−y dy = e−x dx.

Upon integration, we find
−e−y = −e−x + constant,

so that the characteristics curves are given bye−x − e−y = constant.

By takingψ(x, y) = e−x − e−y, we havec = 0. Now in the new coordinates we must still have
b2 − 4ac = 0 (see (III.7)). It follows that ifc = 0, then we must also haveb = 0.

The choice ofφ is arbitrary. A convenient choice here isφ(x, y) = x. By making use of (III.2),
(III.5), and (III.6) we then obtain the PDE

e2xuφφ +
(

e2xe−x + 2ex+y × 0 − e2ye−y
)

uψ = 0 ⇔ uφφ +
(

e−x − ey−2x
)

uψ = 0.

Now we need to change ourx andy coordinates intoφ andψ coordinates. We can write

e−x − ey−2x = −(e−x − e−y)ey−x = −
e−x − e−y

ex−y
= −

e−x − e−y

1 − (e−x − e−y)ex
= −

ψ

1 − ψeφ
.

Hence the final PDE is

uφφ − ψ

1 − ψeφ
uψ = 0. ⊠
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Part IV — First order PDEs and method of characteristics

§1 Introduction

We have been concentrating on second order PDEs. Now we consider first order PDEs in more
detail. For more generality, we consider systems of such PDEs.

Definition. The generalquasi-linearsystem ofn first order PDEs inn functions of two indepen-
dent variablesx andy is given by

n
∑

j =1

ai j
∂uj

∂x
+

n
∑

j =1

bi j
∂uj

∂y
= ci , 1 ≤ i ≤ n, (IV .1)

whereai j , bi j , andci are functions ofx, y, u1, . . . , un.

The system is said to bealmost linearif ai j andbi j are independent ofu1, . . . , un.

It is said to belinear if in addition, eachci depends linearly on theuj .

It is convenient to write the system in matrix-vector notation. So let

u = (u1, . . . , un)
T , c = (c1, . . . , cn)

T , A = (ai j ), B = (bi j ).

Hence the system given in (IV.1) may be written as

Aux + Buy = c. (IV .2)

One may also have aconservation formgiven by

∂u
∂y

+
∂

∂x
F(u) = 0.

In such a form, the variabley usually corresponds to time.

If A or B is non-singular, one can usually classify (IV.2) as elliptic, hyperbolic, or parabolic.
Let

Pn(λ) = det(A − λB) = det(AT − λBT).

WhenB is non-singular, we can write

det(A − λB) = det(B) det(B−1A − λIn),

where In is then × n identity matrix. ThenPn(λ) is a polynomial of degreen. The system
(IV.2) is classified as:

• Elliptic if Pn(λ) has no real roots.

• Hyperbolic if Pn(λ) hasn real distinct rootsOR if Pn(λ) hasn real roots with at least
one repeated and the generalised eigenvalue problem(AT − λBT)w = 0 yieldsn linearly
independent eigenvectorsw.

• Parabolic ifPn(λ) hasn real roots with at least one repeated and the generalised eigenvalue
problem yields fewer thann linearly independent eigenvectors.

If Pn(λ) has both real and complex roots, an exhaustive classification is not possible.
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Example 1.1.The Cauchy-Riemann equations which arise in complex analysis are given by
ux = vy anduy = −vx. Setting

u =
[

u
v

]

, A =
[

1 0
0 1

]

, B =
[

0 −1
1 0

]

,

we haveAux + Buy = 0. Then

P2(λ) = det(A − λB) = det

([

1 λ

−λ 1

])

= 1 + λ2.

This quadratic has roots±i and so the Cauchy-Riemann equations form a elliptic system. ⊠

Example 1.2.The 1D heat equation is given byut = κuxx, κ > 0. If we takey to bet , and set
v = ux, then we haveκvx − uy = 0. Setting

u =
[

u
v

]

, A =
[

0 κ

1 0

]

, B =
[

−1 0
0 0

]

, c =
[

0
v

]

,

we haveAux + Buy = c.

In our classification of first order systems according to the roots ofPn(λ), we have assumed that
B was non-singular. However, for theB given above, it clearly has determinant zero and so is
singular. (One can verify that det(A − λB) is independent ofλ.)

To get around this problem, we note thatA is non-singular, so we can interchange the role ofx
andy and hence effectively interchange the role ofA andB. Thus we may consider

P2(λ) = det(B − λA) = det

([

−1 −κλ
−λ 0

])

= −κλ2.

This quadratic has the root 0 repeated. Solving the generalised eigenvalue problem(BT −

λAT )w = 0 yields just the single eigenvectorw =
[

0
1

]

. So, not unexpectedly, the 1D heat

equation forms a parabolic system. ⊠

§2 Normal form for hyperbolic systems

If the system
Aux + Buy = c

is such that the matricesA andB are related byA = DB, for somediagonalmatrix D, then the
system can be written incompact form:

n
∑

j =1

bi j

(

di i
∂uj

∂x
+
∂uj

∂y

)

= ci , 1 ≤ i ≤ n.
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If the i -th equation involves derivatives in only a single direction, then the system is said to be
in normal form. In this case, we need to have

di i =
dx

dy
.

To see this, supposeαi + βj is the unit vector for whichdi i = α/β. Then

di i
∂uj

∂x
+
∂uj

∂y
= α

β

∂uj

∂x
+
∂uj

∂y
= 1

β

(

α
∂uj

∂x
+ β

∂uj

∂y

)

.

Except for the factor 1/β, this is the directional derivative ofuj in the directionαi + βj.

The advantage of systems of PDEs that can be written in such a normal form is that, effectively,
the i -th equation depends on just one differential operator. So the theory is closer to that of
ODEs and so they can be solved by using techniques for solvingODEs. Before considering
how this may be done, we cover some more theory on first order hyperbolic systems.

Definition. Suppose(IV.2) is a hyperbolic system in whichPn(λ) hasn real distinct roots, say
λ1, . . . , λn. Then thecharacteristicsof (IV.2) are the curves in thex-y plane along which

dx

dy
= λi , 1 ≤ i ≤ n.

Theorem IV.1. Suppose(IV.2) is a hyperbolic system. Then letD be then × n diagonal matrix
whose diagonal entries are theλi . Then there exists a non-singularn × n matrix T such that

T A = DT B.

Proof.For the hyperbolic system, we have

det(AT − λi BT) = 0, 1 ≤ i ≤ n.

Suppose the corresponding eigenvector iswi , that is,

(AT − λi BT)wi = 0.

Note that thewi form an linearly independent set. Taking the transpose of this last equation
yields

wT
i (A − λi B) = 0T .

If wi has j -th componentwi j , then thek-th component ofwT
i (A − λi B) = 0T is given by

n
∑

j =1

wi j
(

ajk − λi bjk
)

= 0, 1 ≤ i ≤ n.
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If T = (wi j ), then this last equation is simply

(T A)ik − λi (T B)ik = 0 ⇔ (T A)ik − di i (T B)ik = 0

⇔ (T A)ik − (DT B)ik = 0.

It then follows thatT A = DT B. �

A consequence of this theorem is that if (IV.2) is not in normal form, then we can obtain a
normal form by using the transformed system

T Aux + T Buy = Tc.

If A∗ = T A, B∗ = T B, andc∗ = Tc, we have

A∗ux + B∗uy = c∗ or DB∗ux + B∗uy = c∗.

So it is in compact form. It is in normal form because by construction, di i = λi =
dx

dy
,

1 ≤ i ≤ n.

When we looked at second order linear PDEs, we saw that we could make use of characteristics
to make transformations, which resulted in PDEs of a simplerform. We shall make use of
characteristics here to do something similar.

Example 2.1.Let us consider the single quasi-linear PDE

a(x, y, u)ux + b(x, y, u)uy = c(x, y, u), b(x, y, u) 6= 0.

So the matrixA is 1× 1 and consists of the single functiona(x, y, u). Similarly, the matrixB
is 1 × 1 and consists of the single nonzero functionb(x, y, u). Then if d = a/b, we have
a = d × b, and henceb(dux + uy) = c, that is, the PDE is in compact form.

Moreover, det(A− λB) = a − λb and is zero whenλ = a/b. Thus withd = a/b, we conclude
thatb(dux + uy) = c is in normal form. Moreover, the characteristic curves satisfy

dx

dy
= d =

a

b
.

In the method of characteristics, we change from the coordinatesx and y to new coordinates
s and t such that the PDE becomes an ODE along the characteristic curves in thex-y plane.
The variablet will vary along the characteristic curves so that, in a sense, it parametrises the
characteristic curves. The ODE obtained is given by

du

dt
= c.

To see this, by the chain rule we have

du

dt
=
∂u

∂x

dx

dt
+
∂u

∂y

dy

dt
.
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However, the PDE isaux + buy = c. This then shows that we may obtain the ODE by taking

dx

dt
= a and

dy

dt
= b.

With this choice, we indeed havet parametrising the characteristic curves since

dx

dy
=

dx

dt
dy

dt

=
a

b
= d.

So along a characteristic curve, we have the equations

dx

dt
= a,

dy

dt
= b,

du

dt
= c. (IV .3)

We then see that
du

dt
=

c

b

dy

dt
, and

dx

dt
=

a

b

dy

dt
, (IV .4)

which, when rearranged, yields

dx

a
=

dy

b
=

du

c
= constant. (IV .5)

So far we have been relatively silent about the coordinates. As we shall see with examples later,
it turns out thats is used to parametrise the initial curve associated with theinitial condition
for u. ⊠

The forms (IV.3) and (IV.5) are convenient ways to find a general solution for such PDEs. This
is called the “method of characteristics” for first order PDEs and the equations in (IV.3) are
known as the characteristic equations. This method is basedon the following theorem.

Theorem IV.2. A surfaceS given byu = f (x, y) defines a solution to the quasi-linear first
order PDE

aux + buy = c

if and only if the characteristic equations given in(IV.3) holds at each point ofS.

Proof. If u = f (x, y), then f (x, y)− u = 0. Taking the differential of this equation yields

0 = d( f − u) = d f (x, y)− du = fx dx + fy dy − du

= ( fx, fy,−1) · ( dx, dy, du).

This implies that

( fx, fy,−1) ·
(

dx

dt
,

dy

dt
,

du

dt

)

= 0.

So if (IV.3) holds, then we have

( fx, fy,−1) · (a, b, c) = 0 ⇒ a fx + bfy = c,

that is, f (x, y) satisfies the PDE.
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Let Sbe defined by a solutionF(x, y, u) ≡ f (x, y)− u = 0 of the PDE so thata fx + bfy = c.
Hence( fx, fy,−1) · (a, b, c) = 0. In other words, at any pointP of S, the vector(a, b, c) is
perpendicular to the normal∇F = ( fx, fy,−1) to the surface. So(a, b, c) lies in the tangent
plane forSat P.

Now a curve lying inS which passes throughP will have (a, b, c) tangent to it. In particular,
this curve(x(t), y(t), u(t)) satisfies

(

dx

dt
,

dy

dt
,

du

dt

)

= (a, b, c).

This then yields (IV.3). �

§3 Method of characteristics

We wish to solve the quasi-linear first order PDE

a(x, y, u)ux + b(x, y, u)uy = c(x, y, u)

with initial condition u = u0(s). This initial condition is associated with the initial curve Ŵ
defined byx = F(s), y = G(s), where for alls,

F ′(s)

G′(s)
6=

a(F(s),G(s), u0(s))

b(F(s),G(s), u0(s))
≡

a|Ŵ
b|Ŵ

.

In other words,Ŵ is not tangent to a characteristic of the PDE.

The idea is to “thread” a characteristic through each point on Ŵ, that is, we construct a char-
acteristic curve emanating from(F(s),G(s)). From the previous example, we see that the
characteristic equations for this PDE can be written (see (IV.3)) as

dx

dt
= a,

dy

dt
= b,

du

dt
= c,

wheret is chosen so thatt = 0 means we are onŴ. These are to be solved subject to the given
initial conditions

x(s, t = 0) = F(s), y(s, t = 0) = G(s), u(s, t = 0) = u0(s). (IV .6)

Formally, by integration, we have

x(t) =
∫

a dt + X(s) = x(s, t), (IV .7)

and similarly
y = y(s, t), u = u(s, t). (IV .8)
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These are parametric equations for a surfaceS. But by the previous theorem,S is a solution
surface for the PDE. Moreover, the initial conditions givenin (IV.6) ensure thatŴ× u0 lie in S.

Henceif we can invert (IV.7) and the first equation in (IV.8) to solve for

s(x, y) and t (x, y),

we can use the second equation in (IV.8) to find the solution

u(x, y) = u(s(x, y), t (x, y)).

In fact, we can invertx = x(s, t) andy = y(s, t) in a neighbourhood ofŴ because alongŴ, the
Jacobian

J =
∣

∣

∣

∣

∂(x, y)

∂(s, t)

∣

∣

∣

∣

=
∣

∣

∣

∣

xs ys
xt yt

∣

∣

∣

∣

= xsyt − xt ys

does not vanish. To see this, onŴ, we have

J = xsyt − xt ys = xsb − ays = bF′(s)− aG′(s) = bG′
(

F ′

G′ −
a

b

)

6= 0,

by our assumption.

Based on the above, we can solve the quasi-linear first order PDE a(x, y, u)ux +b(x, y, u)uy =
c(x, y, u) by using the following solution procedure:

(a) Write down the characteristic equations

dx

dt
= a,

dy

dt
= b,

du

dt
= c or

dx

a
=

dy

b
=

du

c
.

(b) Solve them forx(s, t), y(s, t), andu(s, t).

(c) Invertx andy to gives(x, y) andt (x, y).

(d) Substitute intou(s, t) to giveu(x, y).

We now give some examples of this solution procedure.

Example 3.1.Solve
xux + yuy = u,

given thatu = x3 on xy = 1, x > 0.

The characteristic equations are

dx

dt
= x,

dy

dt
= y,

du

dt
= u.

The initial curve isxy = 1, so we take the initial conditions to bex(s, 0) = s, y(s, 0) = 1/s,
u(s, 0) = (x(s, 0))3 = s3.
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Upon solving, we find that

x(s, t) = c1(s)e
t , y(s, t) = c2(s)e

t , u(s, t) = c3(s)e
t .

Applying the initial conditions shows that

x(s, t) = set , y(s, t) = et/s, u(s, t) = s3et .

Inverting yields

s = (x/y)1/2 and t =
1

2
log(xy).

Sinceu(s, t) = s3et , the desired solution is then

u(x, y) = (x/y)3/2(xy)1/2 = x2y−1 =
x2

y
. ⊠

Example 3.2.Solve
ux + uy = −2u,

given thatu(x, 0) = sin(x).

The characteristic equations are

dx

dt
= 1,

dy

dt
= 1,

du

dt
= −2u.

The initial curve isy = 0, so we take the initial conditions to bex(s, 0) = s, y(s, 0) = 0,
u(s, 0) = sin(x(s, 0)) = sin(s).

Upon solving, we find that

x(s, t) = t + c1(s), y(s, t) = t + c2(s), u(s, t) = c3(s)e
−2t .

Applying the initial conditions shows that

x(s, t) = t + s, y(s, t) = t, u(s, t) = sin(s)e−2t .

Inverting yields
s = x − y and t = y.

Sinceu(s, t) = sin(s)e−2t , the desired solution is then

u(x, y) = sin(x − y)e−2y. ⊠

Example 3.3.Solve
xux + yuuy = −xy,

given thatu = x3 on xy = 1, x > 0.
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The characteristic equations are

dx

dt
= x,

dy

dt
= yu,

du

dt
= −xy.

The initial curve isxy = 1, so as before, we take the initial conditions to bex(s, 0) = s,
y(s, 0) = 1/s, u(s, 0) = (x(s, 0))3 = s3.

In this particular problem, though we can solve the first ODE as before, we cannot easily solve
the second and third ODEs because we do not knowu or the relationship between the variables
x andy and the variablet .

However, we can make some progress on this problem by being a bit cleverer. Note that we
have

d

dt

(

xy
)

=
dx

dt
y + x

dy

dt
= xy + xyu = −

du

dt
−

du

dt
u = −

d

dt

[

u +
u2

2

]

.

This implies that

xy = −u −
u2

2
+ f (s),

where f (s) is an arbitrary function ofs. The initial conditions show that

1 = −s3 −
s6

2
+ f (s),

and hence

f (s) = 1 + s3 +
s6

2
.

This is as far as we can go. At this stage, it is not clear hows is related tox andy except we do
know thatx(s, t) = set .

Example 3.4.Solve

a(u)ux + uy = 0,

given thatu(x, 0) = u0(x).

The characteristic equations are

dx

dt
= a(u),

dy

dt
= 1,

du

dt
= 0.

The initial curve isy = 0, so we take the initial conditions to bex(s, 0) = s, y(s, 0) = 0,
u(s, 0) = u0(x(s, 0)) = u0(s).
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Currently, we do not knowu and hence cannot solve the first ODE. However, we can solve the
other two ODEs and obtain

y(s, t) = t + c1(s), u(s, t) = c3(s).

Applying the initial conditions shows that

y(s, t) = t, u(s, t) = u0(s).

For the first ODE, we now have
dx

dt
= a(u0(s)). Hence

x(s, t) = a(u0(s))t + f (s).

The initial condition shows thatf (s) = s and sox(s, t) = a(u0(s))t + s. From above,y = t ,
and so we haves = x − a(u0(s))y = x − a(u)y. We then conclude thatu(x, y) = u0(s) =
u0(x − a(u)y), which is an implicit equation foru.

To get the solution explicitly, we need to be able to solve

8(x, y, u) := u − u0(x − a(u)y) = 0

for u as a function ofx andy. To do this, we need

∂8

∂u
6= 0,

that is,

1 − u′
0(x − a(u)y)

∂

∂u
(x − a(u)y) 6= 0 ⇒ 1 + u′

0(x − a(u)y)

[

y
da

du

]

6= 0.

This is always true for|y| sufficiently small, and perhaps elsewhere too. ⊠

Example 3.5.Continuing the previous example, leta(u) = u, so that we have

uux + uy = 0. (IV .9)

This is a limiting case of Burgers’ equation for inviscid flow. From above, we haveu(x, y) =
u0(s) = u0(x − uy).

Now recall that the characteristics are solutions of the equation

dx

dy
= u(x, y) and that

du

dt
= 0.

Since this last equation shows thatu is constant along a characteristic curve, then we havey =
x/u(x, y)+ c. These are straight lines, but are not parallel. This means that some characteristic
curves may cross. Since the solution is constant along each characteristic, a singularity will arise
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whenever two characteristics cross; the values ofu along the two characteristics are different
and hence will become multi-valued at the point of crossing.

This example illustrates a common difficulty in nonlinear hyperbolic equations. The equation
is a simple model for the formation ofshocksin the flow of a gas. Not only does the solution
of (IV.9) break down when two characteristics meet, but so does the mathematical model of the
situation. Viscosity becomes important then, and the full,viscous Burgers’ equation given by

uux + uy = µuxx,

whereµ is the viscosity, should be used. ⊠

Example 3.6.As a special case of Example 3.4, we consider the advection equation

aux + uy = 0,

wherea is a constant. Suppose we have the pointsx0, x1, andx2 with x0 < x1 < x2 and let the
initial condition be given by

u(x, 0) = u0(x) =
{

φ(x), x < x1,
ψ(x), x > x1,

for some given functionsφ andψ with φ(x1) 6= ψ(x1). Hence the initial condition has a
discontinuity atx = x1.

From Example 3.4, the characteristic curves satisfyx = at +s andy = t so thaty = (x −s)/a.
Settings = xj for j = 0, 1, 2, then the characteristic through(xj , 0) is y = (x − xj )/a and the
solution along each characteristic isu0(xj ). Thusu(x, (x − x0)/a) = φ(x0) while u(x, (x −
x2)/a) = ψ(x2). If we let x0, x2 → x1, then we see that the solution must have a discontinuity
along the characteristic which goes through(x1, 0), the point at which there is discontinuity
in the initial condition. Hence, as in the previous example,we see that discontinuities can
arise across the characteristics for hyperbolic equations. (It can be proved that solutions of
parabolic and elliptic equations are analytic even when theboundary or initial conditions have
discontinuities.) ⊠

Example 3.7.We solve (for constantsα, β, andγ )

xux + yuy = αu + β

with initial conditionu(x, x2) = xγ . The initial curve isy = x2, so we take the initial conditions
to bex(s, 0) = s, y(s, 0) = s2, u(s, 0) = (x(s, 0))γ = sγ . The characteristic equations are

dx

dt
= x,

dy

dt
= y,

du

dt
= αu + β.

Hence, we have

x(s, t) = c1(s)e
t , y(s, t) = c2(s)e

t , u(s, t) = (c3(s)e
αt − β)/α.
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Applying the initial conditions shows thatx(s, t) = set , y(s, t) = s2et , and

u(s, t) =
(αsγ + β)eαt − β

α
.

From the equations forx(s, t) and y(s, t), we haves = y/x and t = log(x/s) = log(x2/y).
Then we conclude that

u(x, y) = (α(y/x)γ + β)(x2/y)α − β

α
= αyγ−αx2α−γ + βx2αy−α − β

α
. ⊠
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Part V — Second order hyperbolic equations and the method of characteristics

So far, we have considered using characteristics to find exact solutions. However, it is possible
to obtain a numerical method based on characteristics. We consider such a method for the
second order PDE

Auxx + Buxy + Cuyy = G, (V.1)

whereA, B, C, andG may be functions ofu, ux, anduy, but not ofuxx, uxy, or uyy. Let us set

P = ux, Q = uy, R = uxx, S = uxy, T = uyy.

Then
dP

dx
= Px + Py

dy

dx
= R + S

dy

dx
, (V.2)

and
dQ

dx
= Qx + Qy

dy

dx
= S+ T

dy

dx
, (V.3)

while the original equation (V.1) may be written as

AR+ BS+ CT = G.

Upon solving forR andT in (V.2) and (V.3) respectively, the original equation thenbecomes

A

(

dP

dx
− S

dy

dx

)

+ BS+ C

(

dQ

dx
×

dx

dy
− S

dx

dy

)

= G.

Upon multiplying by−
dy

dx
and rearranging, we obtain

S

[

A

(

dy

dx

)2

− B
dy

dx
+ C

]

−
[

A
dP

dx

dy

dx
+ C

dQ

dx
− G

dy

dx

]

= 0. (V.4)

Now let us choose a curve in thex-y plane so that

A

(

dy

dx

)2

− B
dy

dx
+ C = 0, (V.5)

that is, theS term is eliminated. By (V.4), it then follows that

A
dP

dx

dy

dx
+ C

dQ

dx
− G

dy

dx
= 0. (V.6)

This shows that there could be up to two directions, given by the roots of the quadratic (V.5),
where the relationship (V.6) holds.

Now recall that the characteristics are given by the solution of (V.5). So far, we have made no
assumption about (V.1) being a hyperbolic equation. For (V.1) to be hyperbolic, we require
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B2 − 4AC to be positive, that is, the roots of (V.5) are real and distinct. In this case, let us
write the roots asF and H . Then the curve whose slope at any point isF is said to be a
F-characteristic, and similarly aH -characteristic.

Let Ŵ be anon-characteristiccurve along which initial values foru, P, and Q are known.
Let α = (xα, yα) andβ = (xβ , yβ) be points onŴ that are close together and suppose the
F-characteristic throughα meets theH -characteristic throughβ at the pointγ = (xγ , yγ ).
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γ

H

F

κ

Let us treat the arcsαγ andβγ as straight lines of slopeFα andHβ respectively. These slopes
may be found by using (V.5). Then we have

yγ − yα = Fα(xγ − xα) (V.7)

and
yγ − yβ = Hβ (xγ − xβ), (V.8)

which gives equations for the two unknownsxγ andyγ . From (V.6) we have the relationships

A
dP

dx
F + C

dQ

dx
− G

dy

dx
= 0

and

A
dP

dx
H + C

dQ

dx
− G

dy

dx
= 0.

The first relationship can be approximated alongαγ by

Aα
Pγ − Pα
xγ − xα

Fα + Cα
Qγ − Qα

xγ − xα
− Gα

yγ − yα
xγ − xα

= 0,
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whereAα = A(xα, yα) etc., while the second relationship may be approximated alongβγ by

Aβ
Pγ − Pβ
xγ − xβ

Hβ + Cβ
Qγ − Qβ

xγ − xβ
− Gβ

yγ − yβ
xγ − xβ

= 0.

Thus we have
Aα(Pγ − Pα)Fα + Cα(Qγ − Qα)− Gα(yγ − yα) = 0 (V.9)

and
Aβ(Pγ − Pβ)Hβ + Cβ(Qγ − Qβ)− Gβ(yγ − yβ) = 0. (V.10)

Oncexγ andyγ have been calculated from (V.7) and (V.8), these two equations yield Pγ and
Qγ . The value ofu atγ = (xγ , yγ ) (which we write asuγ = u(xγ , yγ )) may then be obtained
from

du

dx
= ux + uy

dy

dx
= P + Q

dy

dx
.

This is done by replacing the values ofP andQ alongαγ by their average values and approxi-
mating this last equation by

uγ − uα
xγ − xα

= 1
2(Pα + Pγ )+ 1

2(Qα + Qγ )
yγ − yα
xγ − xα

or
uγ = uα + 1

2(Pα + Pγ )(xγ − xα)+ 1
2(Qα + Qγ )(yγ − yα). (V.11)

This first approximation foruγ can be improved by replacing values of the various coefficients
by average values. Thus (V.7) and (V.8) become

yγ − yα = 1
2(Fα + Fγ )(xγ − xα) (V.12)

and
yγ − yβ = 1

2(Hβ + Hγ )(xγ − xβ), (V.13)

which yield improved values ofxγ andyγ . One can consider (V.7) and (V.8) to be application of
Euler’s method as a predictor while these last two equationsmay be considered to be application
of the trapezoidal method as a corrector. Similarly, we can obtain improved values ofPγ and
Qγ by modifying (V.9) and (V.10) to

1
2(Aα+Aγ )(Pγ−Pα)

1
2(Fα+Fγ )+ 1

2(Cα+Cγ )(Qγ−Qα)− 1
2(Gα+Gγ )(yγ−yα) = 0 (V.14)

and

1
2(Aβ + Aγ )(Pγ − Pβ)

1
2(Hβ + Hγ )+ 1

2(Cβ + Cγ )(Qγ − Qβ)− 1
2(Gβ + Gγ )(yγ − yβ) = 0.

(V.15)
An improved value foruγ = u(xγ , yγ ) may then be obtained from (V.11), while the values of
Aγ , Bγ , Cγ may be used in (V.5) to find improved values ofFγ andHγ . An iterative procedure
based on (V.12), (V.13), (V.14), (V.15), (V.11), and use of (V.5) to improveFγ andHγ may
then be carried out until all ofxγ , yγ , Pγ , uγ converge. Ifα andβ are close together, the number
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of iterations required will usually be small. We remark thatif A, B, C, andG are constant, then
there is no point in doing this improvement process as the values will not change.

In this way we can calculate solution values at the grid pointsγ andκ (see previous diagram),
and then proceed to the grid pointν, and so on. As for one-dimensional hyperbolic equations,
discontinuities in initial conditions are propagated as discontinuities into the solution domain
along the characteristics. In such a situation, the method of characteristics is probably the
best technique. However, if there are no discontinuities, finite difference methods should be
satisfactory.
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Part VI — Numerical solution of PDEs using finite differences

§1 Finite difference formulas

The techniques we shall now consider are finite difference methods. Such methods differ with
the types of the PDE and boundary conditions, but the centralfeature of each method is the
approximation of derivatives by finite differences. We shall concentrate on parabolic equations,
but shall have a brief look at hyperbolic equations as well. Here we shall use the independent
variablet (for time) rather thany.

If the function f is sufficiently differentiable, then

f (x ± h) = f (x)± h f ′(x)+
h2

2!
f ′′(x)±

h3

3!
f (3)(x)+ · · · .

Using this equation, we can derive finite difference formulas such as

f ′(x) =
f (x + h)− f (x)

h
−

h

2
f ′′(ξ) — forward difference,

f ′(x) =
f (x)− f (x − h)

h
+

h

2
f ′′(ξ) — backward difference,

f ′(x) =
f (x + h)− f (x − h)

2h
−

h2

6
f (3)(ξ) — central difference,

f ′′(x) =
f (x + h)− 2 f (x)+ f (x − h)

h2 −
h2

12
f (4)(ξ) — central difference.

Thus ifu is sufficiently differentiable, we have

uxx(x, t) =
u(x + h, t)− 2u(x, t)+ u(x − h, t)

h2 + O(h2).

§2 Parabolic equations — an explicit method

We now consider the numerical solution of the problem

ut = uxx, 0 ≤ x ≤ 1, t ≥ 0, (VI .1)

whereu(x, 0) = f (x) andu(0, t) = u(1, t) = 0 with f (0) = f (1) = 0. Here the boundary
conditions are Dirichlet conditions.

Now leth = 1/M for some positive integerM, and letk be the increment int . Definexi = ih,
0 ≤ i ≤ M, and tn = nk for n = 0, 1, 2, . . . We use finite differences to approximate the
solutionu at the point(xi , tn) of thex-t plane in the region

� = {(x, t) : 0 ≤ x ≤ 1, t ≥ 0}.
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Using a central difference approximation foruxx and a forward difference approximation for
ut , we have

uxx(xi , tn) =
u(xi + h, tn)− 2u(xi , tn)+ u(xi − h, tn)

h2 −
h2

12
uxxxx(xi + ξi h, tn),

and

ut(xi , tn) =
u(xi , tn + k)− u(xi , tn)

k
−

k

2
ut t (xi , tn + ηnk),

where−1 < ξi < 1 and 0< ηn < 1. Let us denoteu(xi , tn) by un
i . Substitution into (VI.1)

yields

un+1
i − un

i

k
=

un
i +1 − 2un

i + un
i −1

h2 +
k

2
ut t (xi , tn + ηnk)−

h2

12
uxxxx(xi + ξi h, tn). (VI .2)

With the higher order terms neglected, we obtain an approximation yn
i to un

i with a truncation
error of O(h2)+ O(k) given by

yn+1
i − yn

i

k
=

yn
i +1 − 2yn

i + yn
i −1

h2 . (VI .3)

If we setr = k/h2, we obtain

yn+1
i = ryn

i +1 + (1 − 2r )yn
i + ryn

i −1. (VI .4)

Thus we see that the approximation at timetn+1 is dependent on the approximations at timetn
at thex-valuesxi −1, xi , andxi +1. Using the boundary conditions, we have

u(x, 0) = f (x) ⇒ y0
i = u(xi , 0) = f (xi ), 1 ≤ i ≤ M − 1,

and
u(0, t) = u(1, t) = 0 ⇒ yn

0 = yn
M = 0, n = 0, 1, 2, . . .

Takingn = 0 in (VI.4) yieldsy1
i for 1 ≤ i ≤ M − 1. Then we can obtainy2

i for 1 ≤ i ≤ M − 1
etc. Since eachyn+1

i is calculated directly from (VI.4) by using known values at the previous
t-step, the method is, not surprisingly, called an explicit method. In matrix form, the method is
given byyn+1 = Ayn, whereA is the(M − 1)× (M − 1) matrix given by





















1 − 2r r 0 · · · 0 0 0
r 1 − 2r r · · · 0 0 0
0 r 1 − 2r · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 1 − 2r r 0
0 0 0 · · · r 1 − 2r r
0 0 0 · · · 0 r 1 − 2r





















,
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and

yn =













yn
1

yn
2
...

yn
M−2

yn
M−1













.

We shall shortly see that we cannot expect good results whenr > 1
2. We firstly look at

convergence. From (VI.2), we have

un+1
i = run

i +1 + (1 − 2r )un
i + run

i −1 + k

[

k

2
ut t (xi , tn + ηnk)− h2

12
uxxxx(xi + ξi h, tn)

]

.

If en
i = un

i − yn
i , then subtracting (VI.4) from this last equation yields

en+1
i = ren

i +1 + (1 − 2r )en
i + ren

i −1 + k

[

k

2
ut t (xi , tn + ηnk)−

h2

12
uxxxx(xi + ξi h, tn)

]

.

If u is sufficiently differentiable, we see that the term in the square brackets is bounded by
M1k + M2h2. If we setEn = max

0≤i ≤M
|en

i |, we see that for 0< r ≤ 1
2 (so that|1− 2r | = 1− 2r )

we have

En+1 ≤ r En + (1 − 2r )En + r En + k[M1k + M2h2] = En + k[M1k + M2h2].

Using induction, it is easy to prove that

En+1 ≤ E0 + (n + 1)k[M1k + M2h2] = tn+1[M1k + M2h2].

Letting(h, k) → (0, 0), we haveEn → 0 or |en
i | → 0. Hence the explicit method is convergent

for 0< r ≤ 1
2.

It is clear that the errors present in the approximations att = tn will affect the accuracy of the
approximations fort = tn+1. Loosely speaking, the method is said to be stable if errors from
whatever source are not magnified as the iteration progresses. Hence they do not accumulate
and destroy the accuracy indicated by the truncation errors. Let us assume thate0 is the error
made in obtainingy0 = [ f (x1), . . . , f (xM−1)]T , and suppose no other errors are made. Then

y1 = A(y0 + e0), y2 = Ay1 = A2y0 + A2e0,

and in general
yn = Any0 + Ane0.

Hence at then-th step, the error that comes frome0 is Ane0. For this term to be bounded, we
requireρσ (A) ≤ 1. (If A has eigenvaluesλi , 1 ≤ i ≤ M − 1, then

ρσ (A) = max
1≤i ≤M−1

|λi |.)
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Since the eigenvalues ofA are

λi = 1 − 2r + 2r cos

(

iπ

M

)

= 1 − 4r sin2
(

iπ

2M

)

, 1 ≤ i ≤ M − 1,

we require
∣

∣

∣

∣

1 − 4r sin2
(

iπ

2M

)
∣

∣

∣

∣

≤ 1, 1 ≤ i ≤ M − 1.

This is equivalent to requiring that

0< 4r sin2
(

iπ

2M

)

≤ 2,

which is satisfied when

r ≤
1

2 sin2
( iπ

2M

) .

This holds wheneverr ≤ 1
2, which is the condition that we imposed earlier on to ensure

convergence.

In the analysis of stability, we have used a matrix approach.This is one of the standard ways
of investigating the growth of errors. Two other methods arethe energy method and the Fourier
or von Neumann method. The energy method is more general, buttends to be rather messy to
apply. The Fourier method is based on Fourier analysis and wenow take a closer look at this
technique.

In this method we assume thate0
i (the error atx = xi , t = t0 = 0) is given by

e0
i =

M
∑

m=0

γmeiβmxi ,

where i2 = −1, theβm are real numbers, and theγm are the Fourier coefficients. For the explicit
method being considered, we see that if we ignore the truncation error, then

en+1
i = ren

i +1 + (1 − 2r )en
i + ren

i −1.

We see that this finite difference equation is linear. This means that we need consider the
propagation of the error due only to a single, typical term. Suppose we consider the typical
frequency|β| = |βℓ|. The Fourier coefficientγℓ is constant and can be neglected.

To study the propagation of this single, typical error ast → ∞, we want a solution of the finite
difference equation above which reduces toeiβxi when t = 0. It may be shown that such a
solution is given by

en
i = eiβxi eαtn = eiβiheαnk,

whereα = α(β) is a complex number. For the error not to grow ast → ∞, we require that for
anyα, we have

∣

∣eαk
∣

∣ ≤ 1 for all n.

This is known asvon Neumann’s criterion for stability.
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Thus to study stability by using the Fourier method, we substitute en
i = eiβxi eαtn into the

difference equation above. This yields

eiβiheα(n+1)k = reiβ(i +1)heαnk + (1 − 2r )eiβiheαnk + reiβ(i −1)heαnk,

which is equivalent to
eαk = reiβh + (1 − 2r )+ re−iβh.

Thus to satisfy the von Neumann criterion for stability, we require

∣

∣

∣
reiβh + (1 − 2r )+ re−iβh

∣

∣

∣
= |2r cos(βh)+ (1 − 2r )| ≤ 1.

This leads to us requiring|1 − 2r + 2r cos(β/M)| =
∣

∣1 − 4r sin2(β/2M)
∣

∣ ≤ 1, which is
satisfied when

r ≤
1

2 sin2
(

β
2M

) .

This certainly holds whenr ≤ 1
2 which is the conclusion we came to when we analysed stability

using a matrix approach.

From this analysis of convergence and stability just covered, we require 0< r ≤ 1
2. However,

this condition onr imposes severe constraints on the explicit method. We recall that the finite
difference approximations have truncation errorO(h2) + O(k) so that for good accuracy, we
require small values ofh andk. Then the condition 0< r ≤ 1

2 means that we requirek/h2 ≤ 1
2

or k ≤ h2/2. Thus increments int may have to be extremely small. So an enormous amount of
computation may be required to make any reasonable advance in thet direction. This problem
is overcome by implicit methods.

§3 Parabolic equations — an implicit method

In the explicit method looked at in the last section,ut (xi , tn) was approximated by a forward
difference. Let us now approximateut (xi , tn) by a backward difference. In particular, we have

ut (xi , tn) =
u(xi , tn)− u(xi , tn − k)

k
+

k

2
ut t (xi , tn − ηnk).

Thus we get

un
i − un−1

i

k
=

un
i +1 − 2un

i + un
i −1

h2 −
k

2
ut t (xi , tn − ηnk)−

h2

12
uxxxx(xi + ξi h, tn).

Then we get approximationsyn
i satisfying

yn
i − yn−1

i

k
=

yn
i +1 − 2yn

i + yn
i −1

h2
. (VI .5)
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As for the explicit method, the truncation error isO(h2) + O(k). Settingr = k/h2 again, we
have

yn−1
i = −ryn

i −1 + (1 + 2r )yn
i − ryn

i +1. (VI .6)

In this equation, we see that three approximations at then-th t-step are related to an approxi-
mation at the(n − 1)-th t-step, and so unlike the explicit method, we cannot solve fora single
unknown in terms of previously calculated values. Method such as (VI.6) are called implicit
methods.

As before, the boundary conditions yield

y0
i = u(xi , 0) = f (xi ), 1 ≤ i ≤ M − 1,

and
yn

0 = u(0, tn) = 0 = u(1, tn) = yn
M , n = 0, 1, 2, . . .

Then we get the systemAyn = yn−1, whereyn was as before, and

A =





















1 + 2r −r 0 · · · 0 0 0
−r 1 + 2r −r · · · 0 0 0
0 −r 1 + 2r · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 1 + 2r −r 0
0 0 0 · · · −r 1 + 2r −r
0 0 0 · · · 0 −r 1 + 2r





















.

Since A is diagonally dominant, then it may be shown by consideringAx = 0 that A is
nonsingular. Hence the systemAyn = yn−1 has a unique solution. So we see that we need to
solve a system ofM − 1 linear equations at each step. This means that the implicitmethod
requires more computation than the explicit method alreadylooked at. However, as we shall
see, this is compensated by the fact that the implicit methodcan use larger values ofk.

It may be shown that the implicit method is convergent regardless of the value ofr . Also, for
stability, we requireρσ (A−1) ≤ 1. Now the eigenvalues ofA are given by

λi = 1 + 2r − 2r cos

(

iπ

M

)

= 1 + 4r sin2
(

iπ

2M

)

≥ 1, 1 ≤ i ≤ M − 1.

Since the eigenvalues ofA−1 are just 1/λi , we see thatρσ (A−1) ≤ 1 irrespective of the value
of r . Thus the method is stable for all values ofr . So the method is convergent and stable for
all positiveh andk. In this case, the method is said to beunconditionally stable.

We remark that the matrixA is symmetric and tridiagonal. Moreover, because the eigenvalues
are positive, thenA is positive definite. A CholeskyLU decomposition (withU = LT ) may
then be used to solve the linear equations.

Suppose we now use the Fourier method to look at stability. Then by ignoring the truncation
error, it may be shown that (compare (VI.6))

en−1
i = −ren

i −1 + (1 + 2r )en
i − ren

i +1.
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Substitution ofen
i = eiβxi eαtn yields

eiβiheα(n−1)k = −reiβ(i −1)heαnk + (1 + 2r )eiβiheαnk − reiβ(i +1)heαnk,

which is equivalent to
e−αk = −re−iβh + (1 + 2r )− reiβh.

Thus to satisfy the von Neumann criterion for stability, we require

1
∣

∣−re−iβh + (1 + 2r )− reiβh
∣

∣

=
1

|−2r cos(βh)+ (1 + 2r )|
≤ 1.

This is equivalent to|1 + 2r − 2r cos(β/M)| =
∣

∣1 + 4r sin2(β/2M)
∣

∣ ≥ 1, which is satisfied
for all values ofr . This is the same conclusion we came to when using the matrix approach.

A generalization of the explicit method and implicit methodconsidered so far is the weighted
average approximation

yn
i − yn−1

i

k
=

1

h2

[

θ
(

yn
i +1 − 2yn

i + yn
i −1

)

+ (1 − θ)
(

yn−1
i +1 − 2yn−1

i + yn−1
i −1

)

]

.

This may be rewritten as

−r θyn
i −1 + (1 + 2θr )yn

i − r θyn
i +1

= r (1 − θ)yn−1
i −1 + (1 − 2(1 − θ)r )yn−1

i + r (1 − θ)yn−1
i +1 .

Whenθ = 0, we get the explicit method we had before, whileθ = 1 gives the fully implicit
method just considered. Whenθ = 1

2, we get the Crank-Nicolson method to be considered in
the next section. This weighted average approximation is unconditionally stable for12 ≤ θ ≤ 1,
but for 0≤ θ < 1

2, we require

r ≤
1

2(1 − 2θ)

for stability.

§4 Parabolic equations — the Crank-Nicolson method

The implicit method looked at in the previous section had a truncation error ofO(h2)+ O(k).
In this section, we look at two implicit methods which have a truncation error ofO(h2)+ O(k2).

The first method approximatesut (xi , tn) by a central difference approximation, namely

ut (xi , tn) =
u(xi , tn + k)− u(xi , tn − k)

2k
−

k2

6
ut t t (xi , tn + γnk),

where−1< γn < 1. Then we have the method

yn+1
i − yn−1

i

2k
=

yn
i +1 − 2yn

i + yn
i −1

h2
. (VI .7)
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For this method, it is not hard to see that the truncation error is O(h2)+ O(k2). Unfortunately,
this method (sometimes called Richardson’s method) has stability problems. In fact, it is
unstable for allr > 0.

To overcome this problem, the forward difference att = tn given by (VI.3) is averaged with
the backward difference att = tn+1 given by (VI.5) (with n + 1 replacingn) to yield the
Crank-Nicolson method given by

yn+1
i − yn

i + yn+1
i − yn

i

2k
=

yn
i +1 − 2yn

i + yn
i −1 + yn+1

i +1 − 2yn+1
i + yn+1

i −1

2h2 ,

or
yn+1

i − yn
i

k
=

yn
i +1 − 2yn

i + yn
i −1 + yn+1

i +1 − 2yn+1
i + yn+1

i −1

2h2
. (VI .8)

This method can be shown to have truncation errorO(h2) + O(k2). This O(k2) compo-
nent comes from the fact that(yn+1

i − yn
i )/k may be considered to be the central difference

approximation att = tn + k/2.

With r = k/h2, these above equations become

−
r

2
yn+1

i −1 + (1 + r )yn+1
i −

r

2
yn+1

i +1 =
r

2
yn

i −1 + (1 − r )yn
i +

r

2
yn

i +1.

With y0 again given by the initial conditions att = 0, we have the systemAyn+1 = Byn, where
A andB are both tridiagonal matrices. They are given by

A =





















1 + r − r
2 0 · · · 0 0 0

− r
2 1 + r − r

2 · · · 0 0 0
0 − r

2 1 + r · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 1 + r − r
2 0

0 0 0 · · · − r
2 1 + r − r

2
0 0 0 · · · 0 − r

2 1 + r





















and

B =





















1 − r r
2 0 · · · 0 0 0

r
2 1 − r r

2 · · · 0 0 0
0 r

2 1 − r · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 1 − r r
2 0

0 0 0 · · · r
2 1 − r r

2
0 0 0 · · · 0 r

2 1 − r





















.

The matrix A is diagonally dominant, and hence nonsingular. So we haveyn+1 = A−1Byn.
For stability, we requireρσ (A−1B) ≤ 1. Now we see thatB = 2IM−1 − A, whereIM−1 is
the (M − 1) × (M − 1) identity matrix, and soA−1B = 2A−1 − IM−1. This means that the
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eigenvalues ofA−1B are given byλj = (2 − µj )/µj , whereµj , 1 ≤ j ≤ M − 1, are the
eigenvalues ofA. Since

µj = 1 + r − r cos

(

jπ

M

)

= 1 + 2r sin2
(

jπ

2M

)

,

we have

λj =
1 − 2r sin2( jπ/(2M))

1 + 2r sin2( jπ/(2M))
, 1 ≤ j ≤ M − 1.

Clearly|λj | ≤ 1. Thus the method is stable for all values ofh andk. Using the Fourier method
leads to the same conclusion.

§5 Derivative boundary conditions

Typically in heat conduction problems, one finds boundary conditions that reflect Newton’s law
of cooling. So instead of the boundary conditionsu(0, t) = u(1, t) = 0 that we’ve considered
so far, we have boundary conditions like

ux(0, t) = αu(0, t)+ β and ux(1, t) = γu(1, t)+ δ, (VI .9)

whereα, β, γ, δ are constants.

A fairly simple procedure may be used to incorporate conditions of the form (VI.9) into any
of the three methods looked at so far. We first introduce two fictitious pointsx−1 = −h and
xM+1 = 1 + h. Then assume that the equation given by either (VI.3), (VI.5), or (VI.8) holds
for i = 0 andi = M as well. As an example, let us consider the method given by (VI.4) which
is equivalent to (VI.3). Then

yn+1
0 = ryn

1 + (1 − 2r )yn
0 + ryn

−1 (VI .10)

and
yn+1

M = ryn
M+1 + (1 − 2r )yn

M + ryn
M−1. (VI .11)

On the assumption thatu can be extended to be sufficiently differentiable in the region �̃ =
{(x, t) : −h ≤ x ≤ 1 + h, t ≥ 0}, then

ux(0, tn) =
u(x1, tn)− u(x−1, tn)

2h
−

h2

6
uxxx(ξ0h, tn).

Dropping the truncation error, we have

yn
1 − yn

−1

2h
= αu(0, tn)+ β = αyn

0 + β,

which leads to
yn
−1 = yn

1 − 2hαyn
0 − 2hβ.
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Similarly,
yn

M+1 − yn
M−1

2h
= γu(1, tn)+ δ = γ yn

M + δ,

which gives
yn

M+1 = yn
M−1 + 2hγ yn

M + 2hδ.

Substituting these into (VI.10) and (VI.11) yields

yn+1
0 = ryn

1 + (1 − 2r )yn
0 + r (yn

1 − 2hαyn
0 − 2hβ)

= (1 − 2r − 2hrα)yn
0 + 2ryn

1 − 2hrβ,

while
yn+1

M = r (yn
M−1 + 2hγ yn

M + 2hδ)+ (1 − 2r )yn
M + ryn

M−1

= 2ryn
M−1 + (1 − 2r + 2hrγ )yn

M + 2hrδ.

Then we get the linear systemyn+1 = Ayn + b, whereA is the(M + 1)× (M + 1)matrix given
by





















1 − 2r (1 + hα) 2r 0 · · · 0 0 0
r 1 − 2r r · · · 0 0 0
0 r 1 − 2r · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 1 − 2r r 0
0 0 0 · · · r 1 − 2r r
0 0 0 · · · 0 2r 1 − 2r (1 − hγ )





















,

yn =













yn
0

yn
1
...

yn
M−1
yn

M













, and b =













−2hrβ
0
...

0
2hrδ













.

Suppose the initial starting vector isy0 + e0, wheree0 is some initial error. Theny1 =
A(y0 + e0)+ b, y2 = A2(y0 + e0)+ Ab + b. In general,

yn = An(y0 + e0)+ An−1b + An−2b + · · · + Ab + b.

Then we see that the propagation of the initial error is dependent only onA. For the givenA, there
does not appear to be an explicit expression for the eigenvalues. Using Gerschgorin’s Theorem
we see that the eigenvaluesλj (assuming they are real) must satisfy−2r < λj − (1− 2r ) < 2r ,
as well as

−2r < λj − (1 − 2r (1 + hα)) < 2r and − 2r < λj − (1 − 2r (1 − hγ )) < 2r.
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Hence we deduce that a sufficient condition for stability is

r ≤ min

(

1

2
,

1

2 + hα
,

1

2 − hγ

)

.

§6 A more general parabolic equation

The derivation of the heat equationut = uxx makes the assumption that the properties of the
rod such as heat conductivity and cross-section are uniformin x. However, it is more likely that
some of these properties will depend onx. For example, a dependence onx is often used to
model the flow of heat in a thin bar whose cross-section depends onx. Thus we consider the
numerical solution of the equation

ut = a(x, t)uxx

with appropriate boundary and initial conditions. We shallassume that the functiona is strictly
positive.

The explicit method given in Section 2 is extended in an obvious way to

yn+1
i = ran

i yn
i +1 + (1 − 2ran

i )y
n
i + ran

i yn
i −1,

wherean
i = a(xi , tn). The implementation is as before and the analysis of the error is similar.

The stability condition is replaced by

k

h2 a(x, t) ≤
1

2

for all x andt in the region of interest.

The weighted average approximation may also be generalized. One way of doing it is to use

yn
i − yn−1

i

k
=

a∗

h2

[

θ(yn
i +1 − 2yn

i + yn
i −1)+ (1 − θ)(yn−1

i +1 − 2yn−1
i + yn−1

i −1 )
]

,

wherea∗ is some value to be chosen. However, it is not clear what valueof a∗ should be used.
One choice is to choosea∗ = a(xi , tn − k/2). If it is awkward to calculatea(xi , tn − k/2), then
an obvious alternative is to use

a∗ =
a(xi , tn)+ a(xi , tn−1)

2
.

§7 Self-adjoint parabolic equations

Sometimes a parabolic equation may appear in the self-adjoint form

ut =
∂

∂x
(p(x, t)ux),
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wherep is assumed to be positive. This may be written as

ut = puxx + pxux

and it would be possible to use a finite difference method to solve this last equation. However,
it is usually better to apply such methods to the original self-adjoint form. We have

p(xi + h/2, tn)ux(xi + h/2, tn) ≈ p(xi + h/2, tn)
un

i +1 − un
i

h

and also

p(xi − h/2, tn)ux(xi − h/2, tn) ≈ p(xi − h/2, tn)
un

i − un
i −1

h
.

Thus if

w(x, t) = ∂

∂x
(p(x, t)ux),

then

w(xi , tn) ≈ p(xi + h/2, tn)
un

i +1 − un
i

h2
− p(xi − h/2, tn)

un
i − un

i −1

h2
.

This then yields the explicit scheme

yn+1
i − yn

i

k
= p(xi + h/2, tn)

yn
i +1 − yn

i

h2 − p(xi − h/2, tn)
yn

i − yn
i −1

h2 ,

which may be expressed as

yn+1
i = [1−r (p(xi +h/2, tn)+p(xi −h/2, tn))]y

n
i +rp(xi +h/2, tn)y

n
i +1+rp(xi −h/2, tn)y

n
i −1.

An error analysis along the lines of the ones that we have donepreviously shows that the method
will converge if

2r P ≤ 1,

whereP is an upper bound forp in the region of interest.

§8 Finite difference methods for first order hyperbolic equations

In 1928, Courant, Friedrichs, and Lewy formulated a necessary condition, now known as the
CFL condition, for the convergence of a finite difference approximation interms of the concept
of adomain of dependence. Let us consider the advection equation

ut + aux = 0, (VI .12)

and for the moment assume thata is a constant. From Example 3.6 in Part IV, if the initial
condition isu(x, 0) = u0(x), then the solution isu(x, t) = u0(x − at). Thus the solution at
the point(xi , tn+1) is u0(xi − atn+1). Also, recall from that example that the characteristics
are straight lines and that the solution is constant along each characteristic. This means that the
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value of the solution along the characteristic which goes through the points(xi − atn+1, 0) and
(xi , tn+1) is justu0(xi − atn+1).

Suppose we consider a finite difference approximation to (VI.12). The simplest one is an explicit
method so we get the method

yn+1
i − yn

i

k
+ a

yn
i − yn

i −1

h
= 0.

This may be rewritten as

yn+1
i = yn

i − a
k

h
(yn

i − yn
i −1)

= (1 − aµ)yn
i + aµyn

i −1,

whereµ = k/h. The value ofyn+1
i depends on the values ofyn

i and yn
i −1, that is, on

the approximations at two points on the previous time leveltn. In turn, each of these two
approximations depends on the approximations at the time level tn−1 etc. As illustrated in the
diagram below, the value ofyn+1

i depends on data given in the triangle with vertex(xi , tn+1).
Ultimately, this value depends on the initial values at thet0 = 0 line at the points

xi −n−1, xi −n, . . . , xi −1, xi .

This triangle is called thedomain of dependenceof yn+1
i , or of the point(xi , tn+1), for this

particular numerical method.

The corresponding domain of dependence of the PDE is the characteristic which goes through
the point(xi , tn+1) (the lineαγ in the diagram below). The CFL condition then states that for
a convergent scheme the domain of dependence of the the PDE must lie within the domain of
dependence of the numerical scheme. In terms of the diagram,this means that the characteristic
line αγ must lie inside the triangle formed by the•.
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Typical domain of dependence
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The next diagram shows two situations in which the CFL condition is not satisfied. Suppose
αγ andβγ are characteristic lines (one fora > 0 and one fora < 0). Clearly they lie outside
the triangle. To see why the numerical method is not convergent when the CFL condition is
not satisfied, suppose we alter the given initial conditionsin some region around the pointα.
Suppose also that we were to reduceh andk in such a way that the ratioµ was constant; this
ensures that the triangular domain of dependence remains the same. This change in the initial
condition atα will change the solution of the PDE atγ since the solution is constant along the
characteristicαγ . However, the numerical solution atγ is unchanged since the numerical data
used to construct the approximations remains unchanged. Thus the numerical solution cannot
converge to the required result atγ . A similar argument applies to the characteristicβγ .

x

t

◮

N

γ

α β
i

n + 1

n

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

.

..

...

...
..
.

..

...
.

..

..

..

..

..

..

.

...
..

.

..

...

...
..
.

..

...
.

..

..

..

..

..

..

.

...
..

.

..

...

...
..
.

..

...
.

..

..

..

.

...
..

.

..

...

.

..

..

.

...
..
.

..

...
.

..

..

..

.

...
..

.

..

...

.

..

..

.

...
..
.

..

...
.

..

..

..

.

...
..

.

..

..

.•••• • • •

• • •

• •

•

◦

Violation of the CFL condition

Recalling from Example 3.6 in Part IV that the slope of the characteristic line is 1/a, we see
that the CFL condition cannot be satisfied for (VI.12) whena < 0, since the characteristic line
would be likeβγ . For a > 0, we need to impose a condition onµ. Recall that att0 = 0, the
left-most point of the domain of dependence is(xi −n−1, 0) and that the pointα is (xi − atn, 0).
Thus for the CFL condition to be satisfied, we requirexi −n−1 ≤ xi − atn+1. Some algebra then
shows that this requirement is equivalent to

aµ ≤ 1.

As mentioned earlier, the CFL condition is necessary for convergence and hence (according to
Lax’s equivalence theorem) necessary for stability. We shall shortly see that it is not sufficient
for stability. However, the CFL condition does allow us to reject schemes which does not
satisfy the CFL condition as they will not be convergent or stable. Methods satisfying the CFL
condition may then be tested further for stability.

We now consider approximating (VI.12) by a more general explicit method using three sym-
metrically placed points at the old time level (see diagram on the next page). It is then not hard
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to see that the CFL condition for such a method is

|a|µ ≤ 1.

x

t

◮

N

• • •

•

i

n + 1

n

Three-point method

If a > 0, the difference method should use bothyn
i −1 and yn

i to obtainyn+1
i . If a < 0, then

it should useyn
i and yn

i +1. To cover both situations, an obvious method is to use a central
difference in space combined with a forward difference in time to yield the method

yn+1
i − yn

i

k
+ a

yn
i +1 − yn

i −1

2h
= 0.

Provided|a|µ ≤ 1, the CFL condition is satisfied. However, as mentioned earlier, this condition
is not sufficient to guarantee stability. To investigate stability, let us use the Fourier method.
Settingen

i = eiβxi eαtn , we then have

eiβxi eαtn+1 − eiβxi eαtn + 1
2aµ(eiβxi+1eαtn − eiβxi−1eαtn) = 0,

which reduces to

eαk − 1 + 1
2aµ(eiβh − e−iβh) = 0.

Some algebra then yields

eαk = 1 − iaµ sin(βh).

It is clear that|eαk| ≥ 1 (with equality only whenβh is an integer multiple ofπ ). Thus the
method is not stable even though it satisfies the CFL condition.
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§9 An upwind scheme

A three point method which is stable is theupwindscheme in which a backward difference is
used ifa is positive and a forward difference whena is negative. This method is given by

yn+1
i =

{

yn
i − aµ(yn

i +1 − yn
i ), if a < 0;

yn
i − aµ(yn

i − yn
i −1), if a > 0.

(VI .13)

If a is not a constant, but a function ofx andt , we need to specify in (VI.13) the point at which
a is to be evaluated. At the moment let us assume that we usea(xi , tn). The CFL condition is
satisfied when|a|µ ≤ 1. For thea > 0 case, it may be shown that the amplification factor is
given by

eαk = 1 − aµ(1 − e−iβh).

This leads to
∣

∣eαk
∣

∣

2 = 1 − 4aµ(1 − aµ) sin2(βh/2).

This quantity is not more than 1 when 0< aµ ≤ 1, the same condition as the CFL condition.
Whena < 0, the stability condition becomes|a|µ ≤ 1.

The upwind scheme of (VI.13) may be rewritten as

yn+1
i =

{

(1 + aµ)yn
i − aµyn

i +1, if a < 0;

(1 − aµ)yn
i + aµyn

i −1, if a > 0.

This has the following interpretation. In the diagram on thenext page for the casea > 0, the
characteristic through the pointγ = (xi , tn+1)meets the linet = tn at the pointα, which by the
CFL condition must lie between the pointβ = (xi −1, tn) and the pointκ = (xi , tn). Recalling
that the exact solution along this characteristic is constant, we see thatu(α) = u(γ ). If we know
an approximation at all the points on the linet = tn, we can interpolate the value ofu(α) and
use it to obtain the approximationyn+1

i . If we use linear interpolation, then we have

yn+1
i ≈ u(α) ≈ yn

i −1 +
δ

h
(yn

i − yn
i −1),

whereδ is the distance on thet = tn line from β to α. Whena is a constant, the slope of the
characteristic line is 1/a. It then follows from the diagram on the next page that

k

h − δ
=

1

a
.

We then obtainδ = h − ak so thatδ/h = 1 − aµ, and hence

yn+1
i ≈ yn

i −1 + (1 − aµ)(yn
i − yn

i −1) = (1 − aµ)yn
i + aµyn

i −1,
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that is, the approximation of the upwind scheme. Ifa is not a constant, but varies smoothly, we
would still expect a good approximation.

x

t

◮

N

⋄
α

...
..
.

..

...
.

..

..

..

.

...
..

.

..

...

.

..

..

.

...
..
.

..

...
.

..

..

..

.

...
..

.

..

...

.

..

..

.

...
..
.

..

...
.

..

..

..

.

...
..

.

..

...

.

..

..

.

...
..
.

..

..

..

..

..

..

.

...
..

.

..

...

...
..
.

..

...
.

..

..

..

..

..

..

.

...
..

.

..

...

...
..
.

•

γ

•
β

•
κ

•

ν

i

n + 1

n

Interpretation of the upwind scheme

§10 The Lax-Wendroff method

In the previous section we showed that the upwind scheme could be interpreted as a method in
which the approximations at timet = tn+1 are obtained from appropriate approximations at time
t = tn by linear interpolation. One might expect that one could obtain better approximations by
using quadratic interpolation instead. This leads to the Lax-Wendroff method. The quadratic
interpolation is carried out at the pointsβ, κ, andν of the diagram above. Such a derivation
yields the method

yn+1
i = 1

2aµ(1 + aµ)yn
i −1 + (1 − a2µ2)yn

i − 1
2aµ(1 − aµ)yn

i +1, (VI .14)

where we have assumed thata is a constant. The usual Fourier method shows that the amplifi-
cation factor is

eαk = 1 − iaµ sin(βh)− 2a2µ2 sin2(βh/2).

After separating the real and imaginary parts and doing somealgebra, we obtain

∣

∣eαk
∣

∣

2 = 1 − 4a2µ2(1 − a2µ2) sin4(βh/2).

Thus the method is stable if|a|µ ≤ 1, the same requirement as the CFL condition.

Suppose now thata is not a constant, but a function ofx andt . Then the analogous method is
obtained by first writing

u(x, t + k) = u(x, t)+ kut (x, t)+ 1
2k2ut t (x, t)+ O(k3). (VI .15)
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Since the PDE isut + aux = 0 or
ut = −aux,

we haveut t = −atux − auxt andut x = (−aux)x. Thus

ut t = −atux + a(aux)x.

The expression forut and this last expression forut t may then be substituted into (VI.15). By
approximating each of thesex-derivatives by central differences, we obtain

yn+1
i = yn

i − ka(xi , tn)
yn

i +1 − yn
i −1

2h
− 1

2k2at (xi , tn)
yn

i +1 − yn
i −1

2h

+ 1
2k2a(xi , tn)

a(xi + h/2, tn)(yn
i +1 − yn

i )− a(xi − h/2, tn)(yn
i − yn

i −1)

h2 .

If a is a constant, thenat (xi , tn) = 0. Some algebra then shows that the resulting method
is identical to the method given in (VI.14). The method may besimplified by replacing
a(xi , tn)+ (k/2)at (xi , tn) by a(xi , tn + k/2).

§11 The Lax-Wendroff method for conservation forms

In practical situations, one often obtains the PDE

∂u

∂ t
+
∂ f (u)

∂x
= 0. (VI .16)

If we takeb = b(u) = fu, then we may write (VI.16) as the hyperbolic equationut + bux = 0.
Rather than using the Lax-Wendroff method for this latter equation, it is convenient to derive the
Lax-Wendroff method directly for the conservation form (VI.16) (a reason for calling (VI.16)
the ‘conservation form’ will be given later). The functionf does not involvex or t implicitly,
but is a function ofu only. An example of such an equation is (IV.9), the limiting case of
Burgers’ equation for inviscid flow.

Now we haveut = − fx and

ut t = − fxt = − ft x = −( ft )x = −( fuut )x = −(but )x = (bfx)x.

The derivation of the previous section then yields the method

yn+1
i = yn

i − k
f (yn

i +1)− f (yn
i −1)

2h

+ 1
2k2

fu(yn
i +1/2)

(

f (yn
i +1)− f (yn

i )
)

− fu(yn
i −1/2)

(

f (yn
i )− f (yn

i −1)
)

h2 .

As expected, this reduces to (VI.14) whenf (u) = au, wherea is a constant. The method may
be rewritten as

yn+1
i = yn

i − 1
2µ

[

(

1 − µ fu(y
n
i +1/2)

)(

f (yn
i +1)− f (yn

i )
)

+
(

1 + µ fu(y
n
i −1/2)

)(

f (yn
i )− f (yn

i −1)
)

]

,
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whereµ = k/h. In this method we see that we need to evaluatefu(yn
i −1/2) and fu(yn

i +1/2). To
calculate these two quantities, it is usual to set

yn
i ±1/2 = 1

2(y
n
i + yn

i ±1).

One of the great strengths of the Lax-Wendroff method is thatit can be extended quite easily
to systems of equations. Thus in (VI.16), we can replaceu and f with vectorsu andf. This
results in the system

∂u
∂ t

+
∂f(u)
∂x

= 0.

Such systems arise in the theory of fluid flow when the equations of motion, continuity, and of
energy are combined into one conservation equation (u andf will each have three components).
Hence the reason why (VI.16) is called the conservation form. The corresponding equation
ut + bux = 0, whereb = fu, then becomes the hyperbolic system

∂u
∂ t

+ B
∂u
∂x

= 0,

whereB is the Jacobian matrix.

We shall not consider the details of the Lax-Wendroff methodfor systems, but just mention that
the wave equationut t = α2uxx may be solved by such a method since it may be written as the
first-order equations

ut + αvx = 0 andvt + αux = 0.

This may be expressed as the system

[

ut

vt

]

+
[

αvx

αux

]

=
[

0
0

]

or

[

ut

vt

]

+
[

0 α

α 0

] [

ux

vx

]

=
[

0
0

]

.
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Part VII — Weighed residual methods

§1 Some material in analysis

In the last Part, we considered finite difference methods in which the partial derivatives have
been approximated by finite difference formulas. In this Part, we shall consider methods in
which the solution is approximated directly by suitably-chosen approximating functions. The
general principles of the methods that we consider may be presented in a fairly simple manner,
but details for specific problems can require quite a sophisticated analysis.

We first present some ideas in analysis that we shall need. To allow generality, let us assume
that we wish to solve

Lu = g,

whereg is a known function,u is to be found, andL is a linear differential operator. Normally
there are some constraints onu from boundary and/or initial conditions. Since the methodswe
shall be considering tend to be applied to elliptic problems(which are time independent), we
shall assume that the constraints are boundary conditions.We remark that for time-dependent
problems (such as parabolic and hyperbolic equations), themethods discussed here could be
applied in the space variables to yields systems of ordinarydifferential equations.

Example 1.1.An example of a linear differential operator is

L =
∂2

∂x2 +
∂2

∂y2 . (VII .1)

ThenLu = 0 is just Laplace’s equation. ⊠

The idea is to approximateu by uN such that the residualLuN − g is small in some sense.

LetU be a vector space of functions which containsu and which satisfy any boundary conditions.
For the spaceU we can define aninner product〈·, ·〉, which has the following properties
( f, f1, f2 ∈ U ):

(a) 〈α f1, f2〉 = 〈 f1, α f2〉 = α〈 f1, f2〉 for all scalarsα;

(b) 〈 f1 + f2, f 〉 = 〈 f1, f 〉 + 〈 f2, f 〉, 〈 f, f1 + f2〉 = 〈 f, f1〉 + 〈 f, f2〉;

(c) 〈 f1, f2〉 = 〈 f2, f1〉;

(d) 〈 f, f 〉 ≥ 0 for all f ∈ U , and〈 f, f 〉 = 0 if any only if f is the zero function.

It may be shown that
‖ f ‖ :=

√

〈 f, f 〉

has the properties of a norm. IfU contains functions defined over some domain�, then an
example of an inner product is

〈 f1, f2〉 =
∫

�

f1(x) f2(x) dx.
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A u satisfying Lu = g and the appropriate boundary conditions is known as theclassical
solution. A weak solutionu is one which satisfies

〈Lu − g, w〉 = 0 for allw ∈ U.

One may think of thesew as weight functions. This last equation is the weak form of the
differential equation. By using integration by parts (or higher dimensional analogues), it is
possible to lower the differentiability requirements on the weak solution. For instance, ifL is
the differential operator given in (VII.1), then the classical solutionu will need to have two
partial derivatives inx andy. However, a weak solution needs to have only one derivative in
x and y. To see this, suppose we wish to solve Laplace’s equation on the unit square with
boundary conditionsu(0, y) = u(1, y) = u(x, 0) = u(x, 1) = 0. Then

∫ 1

0

∫ 1

0
[uxx + uyy]w dx dy =

∫ 1

0

[

uxw
∣

∣

x=1
x=0 −

∫ 1

0
uxwx dx

]

dy

+
∫ 1

0

[

uyw
∣

∣

y=1
y=0 −

∫ 1

0
uywy dy

]

dx

= −
∫ 1

0

∫ 1

0
uxwx dx dy −

∫ 1

0

∫ 1

0
uywy dy dx = 0,

where we have used integration by parts in the first step and the boundary conditions in the
second. Note that in the final form, we requireu to have only first derivatives inx andy. So
though the classical solution is always a solution of the weak form, a weak solution may not be
a classical solution and may not even be differentiable!

§2 Weighted residual methods

Suppose we wish to solveLu = g. Then 〈Lu − g, w〉 = 0 for all w ∈ U . Let UN be a
N-dimensional subspace ofU . In weighted residual methods, we finduN ∈ UN , such that

〈LuN − g, vN〉 = 0 for all vN ∈ VN ,

whereVN is another approximating subspace ofU . Letψ1, . . . , ψN be a basis forVN . Writing

uN = c1φ1 + c2φ2 + · · · + cNφN ,

we obtain the equations

N
∑

j =1

〈ψi , Lφj 〉cj = 〈g, ψi 〉, 1 ≤ i ≤ N.

(The functionsφi are usually calledtrial functionsand theψi are usually calledtest functions.)

We wish to chooseUN andVN such that the above equations have a solution so thatuN exists.
Moreover, we wantuN to be a better approximation asN increases.
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Different methods result from different choices ofψi :

(a) If ψi = φi , then we obtain the classical Galerkin (or Bubnov-Galerkin) method.

(b) If ψi 6= φi , then the resulting method is known as the Petrov-Galerkin method.

(c) If x1, x2, . . . , xN areN points in the domain of interest, another choice is to takeψi (x) =
δ(x − xi ), whereδ(x − xi ) is the Dirac delta function. Then the equations become

N
∑

j =1

(Lφj )(xi )cj = g(xi ), 1 ≤ i ≤ n.

This method is more commonly known as thecollocation method.

(d) If ψi = Lφi , then the resulting method is the least squares method.

(e) Subdomain methods arise when the domain is divided intoN subdomains�i , and theψi
are given by

ψi =
{

1 inside�i ,
0 outside�i .

§3 An introduction to spectral methods and orthogonal polynomials

In finite element methods, the trial functions are local smooth functions (typically polynomials
of fixed degree which are nonzero only on certain subdomains of �). By contrast, in spectral
methods, the trial functions are taken to be global smooth functions. Typically these include
Fourier series (for periodic problems) and orthogonal polynomials (for non-periodic problems).

Commonly used orthogonal polynomials are the Legendre polynomials and the Chebyshev
polynomials of the first kind. The Legendre polynomials are given by

P0(x) = 1, P1(x) = x, P2(x) = 1
2(3x2 − 1),

and
(m + 1)Pm+1(x) = (2m + 1)x Pm(x)− m Pm−1(x), x ∈ [−1, 1].

They are orthogonal on [−1, 1] with respect to the weight function 1. We have

∫ 1

−1
Pm(x)Pn(x) dx =

{

0, m 6= n;
2

2m+1, m = n.

These Legendre polynomials satisfy the Sturm-Liouville equation

d

dx

(

(1 − x2)
dPm

dx

)

+ m(m + 1)Pm(x) = 0.
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The Chebyshev polynomials of the first kindTm(x) = cos(mcos−1(x)), m = 0, 1, . . ., are
orthogonal on [−1, 1] with respect to the weight function 1/

√
1 − x2. We have

∫ 1

−1

Tm(x)Tn(x)√
1 − x2

dx =
{ 0, m 6= n;
π, m = n = 0;
π/2, m = n > 0.

We see thatT0(x) = 1 andT1(x) = x. These polynomials satisfy the recurrence relation

Tm+1(x) = 2xTm(x)− Tm−1(x), m ≥ 1.

With θ = cos−1(x), this follows from:

Tm+1(x)+ Tm−1(x) = cos((m + 1)θ)+ cos((m − 1)θ) = 2 cos(θ) cos(mθ) = 2xTm(x).

HenceT2(x) = 2x2 − 1 etc.

Moreover, these Chebyshev polynomials satisfy the singular Sturm-Liouville equation

d

dx

(

√

1 − x2 dTm

dx

)

+ m2

√
1 − x2

Tm(x) = 0.

More properties of these Chebyshev polynomials are given inthe next theorem.

Theorem VII.1. The Chebyshev polynomialsTm have the following properties:

(a) Tm is a polynomial of degreem with leading coefficient2m−1 and is an even function when
m is even, and an odd function whenm is odd;

(b) the roots ofTm are given by

xi = cos

(

2i + 1

2m
π

)

, 0 ≤ i ≤ m − 1;

(c) Tm(±1) = (±1)m and hence max
x∈[−1,1]

|Tm(x)| = 1.

Proof.Part (a) follows by induction, while for part (b) we have

Tm(xi ) = cos(mcos−1(xi )) = cos

(

m
2i + 1

2m
π

)

= cos

(

2i + 1

2
π

)

= 0.

Now for x = 1, we haveTm(1) = cos(mcos−1(1)) = cos(0) = 1 while for x = −1, we have
Tm(−1) = cos(mcos−1(−1)) = cos(mπ) = (−1)m. Hence max

x∈[−1,1]
|Tm(x)| = 1. Thus part

(c) is proved. �

In some texts there is a distinction between Galerkin methods in which the trial functions
individually satisfy the boundary conditions and tau-methods in which most of the test functions
are the same as the trial functions, but the trial functions do not satisfy the boundary conditions.
Other texts define tau-methods to be methods in which the testfunctions are the Chebyshev
polynomials and the inner product is taken to be the one usually associated with Chebyshev
polynomials.

Most spectral methods are classified asinterpolatingor non-interpolating. The former corre-
sponds to a collocation method in which the approximation satisfies the PDE at certain points.
They are sometimes known aspseudo-spectralmethods, but be aware that some texts use
“pseudo-spectral" in a different sense. The other type correspond to Galerkin-type methods.
These latter methods are harder to implement because of the integrals that need to be evaluated.
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