Part | — An introduction to partial differential equations

81 Terminology and some examples

Many of the equations that arise in areas such as mathemnaltigsics, fluid dynamics, me-
chanics, optics, heat flow, quantum mechanics etc are paifferential equations (PDES). The
derivatives in these equations represent natural phygiadtities such as velocity, acceleration,
force, flux, and current.

Definition. A PDE is an equation that contains partial derivatives ofglei(unknown) function.

This is to be contrasted with ordinary differential equaiqODES) in which the unknown
function,u say, depends on only one variable, for examp(&,.

In a PDE, the unknown function depends on at least two vaggalifor example:

ux,t), u(x,y,zt).

In these notes, we use the standard notation for partialatemes in which the subscripts indicate
the variable with respect to which we take the partial dékeathat is,

u_au ! IRCEY u_azu otc
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Example 1.1.Heat equation in 1Dﬁ = KW Or Uy = kUyxx. X
L au
Example 1.2.Heat equation in 3D:a—t — kV2u, wherevZu = Uxx + Uyy + Uzz. X

Example 1.3.Laplace’s equation on a circle in polar coordinatesys®a function of radius
and angle):

1 1
Urr +—Ur+—2U99 :O IX
r r
Example 1.4.Wave equation in 3Dt = c?V2u. X

§2 Solution methods

We are interested in finding the unknown functionThere are a number of solution methods
available:

(a) Separation of variables: a PDEnrvariables is reduced to ODESs.
(b) Integral transforms: reduces a PDEinariables to one im — 1 variables.

(c) Change of coordinates: a PDE is transformed into an ODda @asier PDE via techniques
such as rotation of axes.



(d)

Transformation of dependent variable: for example, y) = log[u(X, y)].

(e) Numerical methods: often the only technique that wilfkydout get only approximations

(f)

(9)

(h)

(i)

()

to the unknown functiom.

Perturbation methods: changes a non-linear problem s¢ecuence of linear ones that
approximate the original problem.

Impulse-response method: this decomposes the ibibahdary conditions into simple
impulses and then finds the response to each impulse. Thensespare then superposed—
such a technique assumes/requires linearity.

Integral equations: convertthe PDE into an integrabgign in which the unknown function
appears inside an integral. For example, it may be showrhbd@DE

9%u 1 9%u

2 = 2 a2 + F(X) sin(wt),

with boundary conditions(0, t) = u(1, t) = 0 has a solution of the form
u(x, t) = X(x) sin(wt),

where X satisfies the integral equation

1 a)2
X(X) = / K(X, w) <—2X(w) — F(w)) dw
0 C
1 0)2 1
= —/ kX, w)F(w) dw + —2/ K(X, w)X(w) dw,
0 c= Jo

with
_Jw@=Xx), w =X,
K(x, w) = {X(l— w), X< w.

Calculus of variations: reformulate the PDE as a minatien problem. The minimum of
a certain expression (often the energy) is the solution@PDE.

Eigenfunction expansion: the solution is of the form
o0
> " (coeffs (eigenfunctions

where the eigenfunctions are found by solving the assateitgenvalue problem for the
PDE.



83 Classification
For PDEs, the general theory and methods of solution usapfily to a given class of equations.
Six basic classifications are:

1. Order: this is the order of the highest partial derivativéhe equation. For example,
Uy = Uyxy IS second order.

2. Number of independent variables: the PIRE= uyx has the independent variabbkeandt.

3. Linearity: a PDE is linear it1 and its partial derivatives appear in a linear fashion. For
example, no powers, products, or functions of them suaif asuy, sin(u) etc. The most
general second order linear PDE in two variablesdy is

Auyx + Buyxy + Cuyy + Dux + Euy + Fu = G. (1.1)

In (1.1), the coefficientA(x, y), ..., G(X, y) are continuous functions over some domain
Q of the x-y plane. u(x, y) and/or its derivatives are to satisfy given conditions om th
boundary of<2.

4. Homogeneity: the equation (I.1) is homogeneous (i, y) = O for all (x, y) € Q and is
non-homogeneous otherwise.

5. Kinds of coefficients: If the functiond—F in (I.1) are constants, then (I.1) is called a
constant coefficient PDE; otherwise it is a variable coaffitPDE.

6. Four basic types of linear equations: all linear PDEs (iKB are either parabolic, hyper-
bolic, elliptic, or mixed.

(a) Parabolic—when the discriminaBf — 4AC = 0 in Q. An example is the equation
_ 2
Ut = o Uxx, « GR,

which is the heat or diffusion equation. It can be used to rhiue temperature
distribution in a rod or to model the diffusion of gases.

(b) Hyperbolic—wherB2 — 4AC > 0in Q. An example is the wave equation
Uit = O[ZUX)(, o € R.
A more complicated example is the telegraph equation
uxx = KLuit + (KR+ LSut + RSu KL > 0.
Inthis last equation(x, t) represents the current or potential at tina a pointx from
one end of a transmission line which has electrostatic pialeq, self-inductance.,
resistancdr, and leakage conductan8e Hyperbolic PDEs usually arise when waves
or vibrations occur in a physical system. Mathematical niodpof such systems

usually involves solution of a hyperbolic equation or of @ésbolic system.
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(c) Elliptic—whenB? — 4AC < 0in 2. Two examples are Laplace’s equation given by
Uxx + Uyy = 0,
and Poisson’s equation given by
Uxx + Uyy = G(X, Y).

Both these equations can be used to model the steady-s&jaibbrium temperature
distribution in a plate.

(d) Mixed type—an equation can be of different types at difife places in2. For
example,
YUxx + Uyy = 0

has .
parabolic  fory =0,

B? — 4AC = —4y = { hyperbolic fory < 0,
elliptic fory > 0.

However, mixed types are not common in physical systems.

There are also several grades of non-linearity. For exagneplesider a first order PDE in two
variablesx andy:

e linear: A(x, y)ux + B(X, y)uy + C(X, y)u = D(X, y).
e semi-linear:A(Xx, y)ux + B(X, y)uy = E(X, Y, U).
e quasi-linear:A(x, y, uux + B(X, y, Wuy = E(X, y, u).

In the above, the first order derivatives appear only to tisé fiower and there are no products,
etc. of derivatives. Often if a technique works on a lineanampn, it will also work for the
semi-linear and quasi-linear forms.

84 PDEs and physical systems

The PDEs which model physical systems usually have manyisofs To select the single
solutions that represents the solution to the physicakgysequires imposing certain auxiliary
conditions specific to the system being modelled. Thesefdaweoocategories.

(a) Boundary conditions: if a PDE i holds in a domairf2 with boundaryd <2, then at each
point of the boundary, one needs to know thatatisfies one of the following:

(i) u = g (Dirichlet condition)

(i) g—z = g (Neumann or flux condition)
(i) au+ ﬁg—z = g (mixed or Robin condition)

, , au . ,
Hereg, @, andg are known/given functions o2 anda—n = n- Vuwith n the unit normal
to the boundary.



(b) Initial conditions: conditions which must be satisfibdaughout?2 at initial timet = 0.
For example, withu = u(x, y, t):

U(X, Y» O) = f(X, y)v uX(X9 y9 O) = a(x» y)v Uy(xv yv O) = b(xv Y)

Definition. The initial conditions, boundary conditions, and coeffitgeof the PDE and any
non-homogeneous term in it comprise ttagaof the PDE.

Definition. The solution is said tdepend continuously upon the datamall changes in the
data produce correspondingly small changes in the solution

Definition. A problem iswell-posedif:
(i) a solution exists;
(i) the solution is unique;
(iii) the solution depends continuously on the data.
Otherwise, it is said to be ill-posed.

For the auxiliary conditions, that together with the PDEN@oise a well-posed problems, there
cannot be too many (else the problem will have no solutiod)there cannot be too few (else
the solution will not be unique). Also, they must be of thereot type (else the solution will
not depend continuously on the data).



Part Il — Solution of the 1D heat equation

81 Sturm-Liouville problems

When we consider the heat equation, we shall use the methedpaifration of variables, a
technique seen previously in MATH255 and perhaps also MAAHJI herefore it is appropriate
to first consider Sturm-Liouville problems as these arisenvhbising separation of variables.
These problems are also relevant when we consider eigdidomxpansions.

Definition. The general form for aecond order Sturm-Liouville problems given by the
differential equation

[P)YT —a(xX)y+ ur(x)y =0, Xxe€ (a,b), (11.1)

along with boundary conditions

ary(@ +azy' (@ =0, B1y(b) + p2y'(b) =0. (1.2)
The functionsp, p’, q,r are assumed to be continuous[anb], and it is further assumed that
p(x) > 0 andr (x) > O for x € [a, b].
To see what linear second order differential equations neayritten as Sturm-Liouville differ-
ential equations, consider the linear second order difteakequation

ao(X)y” +a1(X)y’ + ax(x)y = 0.
By dividing through byap(x), we obtain
Yy + P(X)Y + Qx)y =0. (11.3)

Let
p(x) _ ef P(x) dx

so thatp/(x) = p(x) P(x). Multiplying (11.3) through byp(x) yields

PX)Y" + p(X)PX)Y + p(x)Q(x)y =0,

or
(PY) + R(x)y =0, where R(x) = p(xX)Q(x).

This last form is known as theelf-adjointform since the equation is self-adjoint. (An equation
is said to be self-adjoint if the adjoint equation is the sawnéself. However, the theory of the
adjoint equation is beyond the scope of this paper.) We then seeftRak) = p(x)Q(X) is

of the formR = —q + ur, then it is a differential equation of the Sturm-Liouvillerin. If the
boundary conditions are appropriate, then we have a seaded $turm-Liouville problem.

As an example of the theory associated with Sturm-Liouyiteblems, we give the following
theorem.



Theorem II.1. The differential equatiofil.1) with boundary conditiong(0) = y(¢) = 0 has
solutions for an infinite sequence of valueg.of

Proof. Omitted. O

These values gk are known as the eigenvalues and the corresponding sdutiereigenfunc-
tions.

Example 1.1.For the Sturm-Liouville problem

y'+uy=0, y0) =y =0,

one may show that the eigenfunctions are givewpy= sin(/unX), whereun = n’z?/¢2. K

The theory of Sturm-Liouville problems that is of interestds in the solution of partial
differential equations is given in the following theorem.

Theorem 11.2. The eigenfunctions of the Sturm-Liouville problem given(Byl) and(11.2) are
orthogonal on the intervgé, b] with respect to the weight functian

Proof. Let ¢ and ¢, be eigenfunctions corresponding ddferent eigenvaluesum and un.
Hence they satisfy

(p(P;n)/ + (= + umrNem =0, (I1.4)
(p‘ﬂﬁ)/ + (=g + punlen =0. (I1.5)

Theng, x (11.4) — ¢m x (11.5) yields
en(Pem) — em(Pen) + (tm — 1)l gmen = 0.

This may be written as

[p((Pn@;n - ‘Pm‘ﬂﬁ)]/ + (Um — un)f men = 0.

Upon integration overd, b], we find

b
[p((Pn@;n - ‘Pm‘P;])]g + (um — Mn)/ I omen dx = 0,
a

or

b
P(BYW[en(b), om(b)] — p@W[¢n (@), om(@)] + (um — in) / r omen dX = 0,
a

whereW[gn (X), gm(X)] is the Wronskian

on(X)  em(X)

W[@n(X), om(X)] = oL(X)  @l(X)




However, since bothy, andg, are solutions of the Sturm-Liouville problem, then the baany
conditions in (I.2) show that

a19m(@) + a2¢(@) =0,  a1¢n(@) + a2 () = 0.

By using ¢/,(8) = —aigm(@)/a2 and ¢, (@) = —a1¢n(@)/a2 in the expression for
W[¢n(a), pm(d)], itis easy to verify thaW[en(a), om(a)] = 0. A similar argument shows that
W(en(b), m(b)] = 0. Hence we conclude that

b
(Um — Mn)/ I men dx = 0.
a

Sinceum # un, the result follows. O

An orthogonal set of functions is like an orthogonal basis&tors. Itis natural to ask whether
we can expand any function out as an (infinite) linear contlnaof the basis functions, that
is, If {¢n} Is an orthogonal set such as ones that arise from Sturm-LUieyvoblems, can we
expand any functiorf in the form

F0 =) Cagn(X)? (11.6)
n=1

If the answer is ‘yes’, the expansion given in (11.6) is cdlbeFourier series Assuming (11.6) is
valid, we can obtain expressions for theurier coefficients ¢ Let (-, -) be the inner product
given by

b
(f,9) =/ r(x) f (x)g(x) dx.
a

Then by taking the inner product of (11.6) withy,, we get

(f, om) = Z Cn{®n, ¥m).
n=1

But (¢n, ¢m) = 0 for n £ m and hence

(f, om) = Cm{®m, ¥m) = Cmlloml®.
Hence we conclude that

(foom)  [ar (0 (X)pm(x) dx

= = 1.7
llomll? f;r(x)wﬁq(x) dx -0

m

Example 1.2.Fory” + ny = 0, y(0) = y(¢) = 0, the eigenvalues aye, = (n/£)%, n > 1,
with eigenfunctiong,(X) = sin(ntx/£). The previous theorem then shows that

¢
/ sinimrrx/¢) sin(lntx/€)dx =0 for m#n.
0
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Moreover, we have

f(x) = Z Cn SIN(N7T X /£),
n=1

where
_ fo foosinax/dx 2

f(f sir(nmx/¢) dx s

¢
/ f (X) sin(nzx/¢) dX. X
0

Example 1.3.Fory” + ny = 0, y'(0) = y'(¢) = 0, the eigenvalues aye, = (/€)% n > 0,
with eigenfunctiong,(x) = cognmx/£). The previous theorem then shows that

¢
/ cogmm x/¢)codnx/€)dx =0 for m=£n. X
0

Example 1.4.For the equatioy” + ny = 0, let the boundary values ly€0) = 0 andy’(¢) = O.
It is not hard to verify that the trivial solution is obtainedhen, < 0. Thus takex = w? > 0.
Then

y(X) = Asin(wX) + B cogwX).

y(0) = 0= B = 0. Sincey'(¢) = Awcodw!) = 0, we require
wl = (20 — 1)%, n> 1.

Thus the eigenvalues are
(2n — 1)%x?
402
and the corresponding eigenfunctions aré gila,x). The previous theorem then shows that

Un =

¢
/ Sin(y/umX) sin(y/unx) dx =0 for m#n. X
0

Example 1.5.For the equatiory” + uy = 0, let the boundary values bg(0) = 0 and
By() +y'(£) = 0, B # 0. Itis not hard to verify that the trivial solution is obtaith when
w < 0. Thus taker = w? > 0. Then

y(X) = Asin(wX) + B cogwX).
y'(0) = 0= A =0. Then we require

BB coSwl) — Bwsin(wl) = 0.

This yields
tan(w?) = B (11.8)
w



One can see from a graph that there exists an infinite numbealoés ofw, satisfying this
equation.

\

The eigenvalues ane, = a)ﬁ with eigenfunctions cagnx). The previous theorem then shows
that

V4
/ coOYwmX) coSwpX)dx =0 for m=£n.
0

Moreover, if we write

f(x) =) cacoswnX).
n=1

then we have from (11.7) that

B f(f f (X) cogwnX) dx

n
| co(wnX)||?

We now obtain an expression fiycogwnx)||2. We have

| coSwnX)||? = /

0 2mwn

¢ ¢ .
COS (wnX) dx = % / (14 coS2wpXx)) dx = % [({ + M] ‘
0

However,

Sin(Za)nE) = 23|r(0)ng) COS(wnE) = Se@(a)nﬁ) - 1—|—tar‘?(a)nﬁ) = l+,82/0)% - C()%‘i‘ﬂz’
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where the penultimate step follows from (11.8). Thus

2_1 p
I cosanx)I” = 5 {£+ w%+ﬂ2]. X

82 Boundary conditions
Recall that the heat equation in 1D is

au 92u

— =xk—>5, Kk >0.
ot X2

This equation models the temperature distribution of a ractlwwe shall assume is of length
¢ > 0. In this equationx satisfying 0< x < ¢ is the distance from the left-hand end and O

is time. The parameter is called thethermal diffusivityof the material of which the rod is
composed.

In order to ensure a unigue solutionone usually has boundary conditionsxat 0 andx = ¢
and an initial condition at = 0 which specifiesi(x, 0).

As we have seen earlier, there might be several types of laoyrdnditions.
(i) u(0,t) = gi1(t), u(¢, t) = go(t), so the temperature is specified on the boundary.
(i) ux(0,t) = g1(t), ux(£,t) = go(t), so the heat flow across the boundaries are specified.

(i) ux(0,t) +pu(0,t) = g1(t), ux (¢, t) +yu(L,t) = go(t). This specifies the temperature of
the surrounding medium.

83 Separation of variables
This technique is useful for initial boundary-value probkein which:
(i) The PDE is lineaandhomogeneous.

(i) The boundary conditions are of the form
OlUx(O, t) + IBU(O9 t) = Ov J/Ux(ﬁ, t) + WU(E, t) = O,

wherea, B, vy, andn are constants. These boundary conditions are called lmeabge-
neous boundary conditions.

The basic ideais to assume there exists a solution of thedoxnt) = X (X) T (t) which satisfies
the PDE and the boundary conditions. In fact, there are lysuéihitely-many such solutions,
un(x,t) = Xp(X)Tnh(t), known as fundamental solutions. We add these togetherto tioe
general solution

U 1) =Y AaXn () Ta(t),

n=1

with the A, chosen so that the initial condition is satisfied.

11



Example 3.1.We solve by separation of variables, the problem
Ut = kUxx

with conditions
uiO,t) = u,t) =0, u(x,0) =e¢(X).

We assume there exists a solution of the far(r, t) = X(x)T (t). Substitution into the PDE
yields

dT d2X

We then collect all the terms xon one side and the termstion the other side:

1T X'
kT X(X)

(Here, we use’ to denote differentiation with respectxaand " to denote differentiation with
respect td.)

The left-hand side of this equation is a functiort @nly while the right-hand side is a function
of x only. The only way this can happen is if the functions are étpua constantk say. Hence

1O X
kT XX

Rearranging yields the pair of uncoupled ODEs to solve:

Tt —keTt) =0, X' (x) —kX(x) =0.

But what value ok should we use. We assume thiaX, T, andk are all real and not complex.
Hencek is real and the three possibilities &e- 0,k = 0, andk < 0.

Fork # 0, the solution off —k« T = 0isT(t) = T(0)ekt. Fork > 0, T(t) - oo ast — oo
which is not physical. Fok < 0, the solution looks plausible.

Fork = 0, T = 0 meansT is a constant, saJp. ThenX”(x) = 0 meansX(x) = ax + b.
Hence
ux,t) = X(X)T(t) = Top(ax+ b) = Cx+ D.
Returning back to the cage< 0, let us writek = —12. Then we have
T(t) = T(0)e "+,
Also, the solution ofX”(x) + 22X (x) = 0 is

X(X) = Asin(Ax) + B cogix),

12



where A andB are arbitrary constants. Hence
ux,t) = X(X)T(t) = [Asin(Ax) + B cogix)] T(O)e‘“zt. (11.9)

We see we can take(0) = 1, that is, absorb the value ®f(0) into A andB.

We now have an infinity of solutions to the PDE. These are goyegitherCx+ D or (11.9). We
want those that satisfy the boundary conditions. Consider{0, t) = 0, we see that we have

D=0 and B=0.

Also, u(¢,t) = 0 implies
C=0 and Asin(Af) =0.

We don’'t wantA = 0, otherwiseu(x,t) = 0, the trivial solution. We then conclude that
sin(A¢) = 0 and hence

n
A::I:TJT, n=123 ...

So the fundamental solutions that satisfy the boundaryitiond are given by
Un(X, t) = Ane /O sin(nzrx/0).

(Note that we take@ > 0 here; the solutions with < 0 are essentially the same.)

We now choose thé\, to satisfy the initial condition. As the PDE is linear, thensof the
fundamental solutions is also a solution of the PDE andfgsgithe boundary conditions. So
the general solution of the PDE satisfying the boundary itmms is given by

0
ux,t) = Z Ane /0% gin(nr x /£).

n=1
Each term iru(x, t) is a sine wave with an exponentially decaying amplitude.

This expression fou(x, t) must hold for alt > 0. Sinceu(x, 0) = ¢(x), we have
o0
$(x) =Y Agsin(nzx/e).
n=1

We recognise that we have expresggd) as a Fourier sine series. From Example 1.2, we
conclude that

¢
An = %/ ¢ (X) sin(nrx/£) dx. X
0

Example 3.2.We solve by separation of variables the heat equation agiprévious example,
but with conditions

uiO,t) =0, ux(,t)+pBu,t) =0, u(x0 =x,

13



whereft # —1. As before, we obtain the pair of uncoupled ODEs given by

T@) —keT(t) =0, X"(x) —kX(x)=0.

The same reasoning as in the previous example shows we stegedtk > 0. Fork = 0, we
haveX(x) = Cx+ D. The boundary conditions(0, t) = 0 yieldsD = 0 so thatX(x) = Cx.

The other boundary conditiam (¢, t) + Bu(£, t) = 0 then yieldsC + BC¢ = 0, which shows
thatC = 0.

So we have to takk < 0 and we writek = —2, as before. Again, we obtain the solutions

u(x, t) = X()T (1) = [Asin(ix) + B cogix)] e <>,

We now need those solutions that satisfy the boundary dondit Consideringi(0, t) = 0, we
see that we havB = 0. Moreover, the boundary conditiar (¢, t) 4+ u(¢, t) = 0 yields

Aircogal) + BAsiIn(AL) = 0.

We don’'t wantA = 0, otherwiseu(x, t) = 0, the trivial solution. We then conclude that we
require

tan(Al) = F (11.10

There exists an infinite number of valugs satisfying this relationship (compare with Exam-
ple 1.5). So the fundamental solutions that satisfy the dagnconditions are given by

Un(X, 1) = Ane ™At sin(Anx).

We now choose thé, to satisfy the initial condition. The general solution oé fADE satisfying
the boundary conditions is given by

o0
U, 1) = Y Age 0t sin(inx).
n=1

Sinceu(x, 0) = X, we have

o0
X = Z An SiN(inX).
n=1
Our work on Sturm-Liouville problems shows that

_ f(fxsin(/\nx) dx
T Isin(inx) |12
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We now obtain an expression fpsin(inx)||2. We have

J4 l
|| Sin(AnX) (1% = / Sif(Anx) dx = }/ (1 — cog2Apx)) dX = 1 [z
0 2 Jo 2

_ Ant —sin(int) cOSAnt)
B 2Xn '

Sin(2Ant)
2hn

Similar to Example 1.5, we can obtain an expression|fsin(inx) || which does not involve
sine and cosine terms. We have

tannl) _  tanGal) _ —in/B_ —pkn
se@(inl) 1+tarP(rnl) 1+1r2/B2 B2+ 22

where the penultimate step follows from (11.10). Thus

: 1 p
|| SIN(ApX) || = > [1& + 7;82 n Aﬁ] . X

84 Heat equation and non-homogeneous boundary conditions

Suppose we have the heat equation givemipy kuyxx = 0 along with the non-homogeneous
boundary conditions given by

a1Ux (0, 1) + B1u(0, 1) = gu(t), a2ux(£, 1) + fau(l, t) = g2(b).

The question we explore in this section is whether we carnyaggphe transformation so that the
boundary conditions become homogeneous, that is, havecadob (x, t) for which

a1Ux (0, 1) + f1U(0,t) = 0, aUy (€, t) + BoU (¢, t) = 0.

If one thinks about the physical system behind the heat exqyaine might expect that as time
progresses, the temperature in the rod might reach a statiyor equilibrium solution. So
one might wish to consider

u(x, t) = steady-state solutiof transient solution

where the transient solution goes to G as oc.

Example 4.1 We considet; —kuyxx = 0 along with the non-homogeneous boundary conditions
given by
u@,t) = g1(t), ux(,t)+ Bu(L,t) = ga(l),

and initial conditioru(x, 0) = ¢ (X).
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Suppose we assumgx, t) = S(x, t) + U (X, t), where the transient solutidh(x, t) satisfies
homogeneous boundary conditions. In this case, we would hav

U@O,t) =0, Uy, t)+pUE,t)=0.
It then follows that

SO0, 1) = g1(t),  S(€, 1)+ BS(E, 1) = ga(D).

It is not clear what the form oB(x, t) should be. One form that works is to take
S(x, t) = At)(1 — x/£) + B(t)x/L.

so thatgy (t) = S(0,t) = A(t) andga(t) = Sc(€, t) + BS(L, t) = —A(t) /€ + B(t)/¢ + BB(1).
We then haveéA(t) = g1(t) and

g2(t) + A(t)/¢ _ go(t) + gu(t)/¢ _ £g2(t) + g1(t)
1/¢+ B 1/¢+ B 1+ 86

B(t) =

ThusS(x, t) is now known. Note that sincg(x, t) is linear inx, thenSx(x, t) = 0.

Returning to the PDHJ; — xuxx = 0 becomes
S+ Ut —k(Six+Ux) =0 or At)(1—x/€) + B(t)x/€ + Uy — kUyy = 0.
Hence the PDE foU (x, t) is now
Ut —kUxx = —§,
which is generally non-homogeneous (but not always; fongte, if g; andg, were constants,
then§ = 0). By constructionlJ satisfies homogeneous boundary conditions and the (new, but
known) initial condition is given by

UX,0) =u(x,0) — S(x,0) =¢(xX) — A0 (1 —x/¢) — B(O)x/¢.

If the resulting PDE forU (x, t) is non-homogeneous, then it turns out that the method of
separation of variables does not work and we need otheritpgimto solve the problem. X

85 Transforming hard equations into easier ones

The idea is similar to what we did in the previous section inchwe transformed non-
homogeneous boundary conditions into homogeneous onestiogiicing a new function.
Here the focus is on simplifying the PDE rather than the bampdonditions. However, we
normally need to have a good “guess” to make progress wismtlethod.
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Example 5.1.Suppose we have the non-homogeneous heat equatiencuyxy = —yu with
boundary and initial conditions

uO,t) =u,t) =0, uix,0) =¢(x).

The physics of the situation indicates that at any prjrthe temperature is changing as a result
of two phenomenon:

¢ diffusion of heat within the rod which is representeduay.
¢ heat flow through the sides represented-hyu.

Observe that if no diffusion occurred, that is,= 0, then the equation becomes = —y u,
which has solution
u(x, t) = p(x)e ",

Based on this, let us tny(x, t) = w(x, t)e~"!. Then our original PDE becomes
wie "t —wye " — kwye "t = —ywe " or wy — kwyy = 0.
For the functionw(x, t), the boundary and initial conditions are the same as thaosgfot):
wO, ) =wd,t) =0, w(x, 0 =¢(X).

So we now have a problem which we have already solved prdyious X

86 Non-homogeneous PDEs and eigenfunction expansions

When we have a non-homogeneous PDE, then even though thddrguwonditions may be
homogeneous, then we cannot use the method of separatianalbles. Other options include
integral transforms (which are quite powerful) and eigestion expansions. We now consider
the latter technique.

Suppose we have the non-homogeneous heat equation givertyuyxx = f (X, t) along with
the homogeneous boundary conditions given by

and initial conditioru(x, 0) = ¢ (X).

The idea is to find a solution of the form

U, t) =Y Xn()Ta(t),

n=1

where theX,(x) are the eigenfunctions corresponding to the Sturm-Lideiypitoblem arising
from solving the homogeneous PDE. As we shall shortly see @axample, thd, (t) will satisfy
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a first order ODE. In order to obtain this ODE, we need to exp&a(d t) into an expansion
similar to that foru(x, t), namely

(0.9]
FOGH) =D Xn00 fa(t).
n=1
Then similar to the derivation of (11.7), we obtain

(G0, Xn)  fo 10O F(X, ) Xn(x) dX

fn t - —
© I Xnll? far (O X3(x) dx

Example 6.1.Let us considen; —«xuxyx = f (X, t) along with the boundary and initial conditions
given by
uiO,t) =u,t) =0, u(x,0) =e¢(X).

For these homogeneous boundary conditions, we know tha¢tte are given by sithzrx /).
Hence,

fx.t)y=">sininzx/e) fa(t),

n=1

where thef,(t) are given by
2 I4
fa(t) = 2/ f(x, t) sin(nzx/¢) dx.
0

Assuming that

U, 1) =D Xn()Ta(t) = > sin(nrx/O)Ta(b),
n=1 n=1

we now substitute this into the PDE. (Note that the boundanditionsu(0, t) = u(¢,t) =0

are already satisfied.) Hence we obtain

sin(nx/€)Ta(t) + « (—) Y 2 sinnax/OTa) = f(x.t) = Y sin(nrx/e) fa(t),
£

n=1 n=1 n=1

or

Zsin(nnx/ﬁ) <Tn(t) +k (%t) Ta() — fn(t)> =0.
n=1
Since this must hold for ak in the domain, we conclude that

. 2
Th(t) 4« (n%) T(t) = fo(t). (I1.11)
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To satisfy the initial conditiom(x, 0) = ¢(x), we require

(X)) = Zsin(nyrx/ﬁ)Tn(O) = Th(0) = 7 / ¢ (X) sin(nrx/£) dx.

n=1 0
Solving the initial value problem consisting of the firster@©DE given in (11.11) and this initial
conditionT,(0) then yields the required functiofg (t).

In fact, by using an integrating factor on (I1.11), we sed thhas solution given by
Th(t) = e—xnznzt/ez / elcnznzt/ZZ fo(t) dt + Cne—lcnzﬂzt/fz’
whereC,, is an arbitrary constant. Setting
Gn(t) = / e T £ (1) ot
the initial condition yieldsl,(0) = G (0) + C and henc&€, = T(0) — Gr(0). Thus
Ta(t) = €TV (G (0)+Ta(0)—Gn(0) = <1/ ( /O e ) du Tn(O)) .

Henceu(x, t) is given by

(o.¢] t (o¢]
Z sin(nrx /£)g~<n°T /¢ / Nt T/ £ ) do + Z Tn(0) sin(n x/£)e~<"7 /€,
n=1 0 n=1

In this expression, we see that the solution is in two partse flrst part arises from the non-
homogeneous term(x, t) (and contributes to the steady state component of the souiihile
the second part arises from the initial condition. The sdqoaut is transient since it goes to
zero ag — oo. X

Example 6.2.As a special case of the previous example, supdaget) = sin(5zx/¢) and
¢ (X) = sin(2rx/¢). Then

2 [t .
fn(t) = Z/o sin(5rx/¢) sin(nzr X /£) dX = §ps,

wheres;; is the Kronecker delta function, that is,

[y =],
% = {o, i £,
Similarly, T,(0) = §p2. It then follows that

t
ux,t) = sin(5nx/£)e—25'<ﬂ2t/€2/ 25T/ Gy 4 sin(2r x/0)eHer /¢
0

e25cm?t/e? _ b
— sinGrx/0)e BTV Z T~ | | sin@2rx/0)e 4T
(57 x/¢) ez | T (27 %/L)
_ 1 _ g25c%t/¢? _
= sin(5r x/€)¢? [ T + S|n(2nx/£)e—4'<”2t/52‘
4

: : €2sin(5mrx/¢
In this solution we see that as— oo, u(x,t) — Lz/)

T
part arising fromf (x, t) and the transient part arising from the initial condition. X

. Here we see a steady-state
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Part Il — Classification and characteristics of second orde linear PDEs

81 Classification
As already mentioned previously, the most general secatef inear PDE in two independent
variablesx andy is

Auyx + Buyxy + Cuyy + Dux + Euy + Fu=G. (.13
The coefficientsA(x, y), ..., G(X, y) are continuous functions over some dom@iof thex-y
plane.u(x, y) and/or its derivatives are to satisfy given conditions anlibundary of2.

Thetypeof this equation is determined by imincipal part (that is, the terms involving the
second order derivatives) and in part by the sign of the iisoant B> — 4AC.

82 Characteristics
These are special curvEs= y(x) associated with (11l.1). Questions we are interested in are
Q1. How can a coordinate transform be used to simplify theqgipal part of (111.1)?

Q2. Along what curvey(x) is a knowledge ofi, uy, anduy insufficient to uniquely determine
the second order derivativegy, Uxy, anduyy?

For Q1, suppose there exists a change of variables

¢=¢(x,y) and ¥ =y(X,Yy)
which is locally invertible, that ispxyry — ¢y¥x # 0. Under the change of variables, then
Auyx+ Buyxy+Cuyy+ Dux+Euy+Fu = G — augg +bugy +Ccuyy +dug+euy, +Fu = G.

Then one can show (as an exercise!) that

a = A(@x)* + Bexoy + Clgy)?, (I1.2)
b = 2A¢x¥x + B(dxVry + dy¥x) + 2Cohyihy, (1.3)
C = AWx)? + By + C(¥y)°, (Il .4)
d = A¢gxx + Bdxy + Coyy + Dox + Edy, (11 .5)
e = AYxx + BYxy + Ctyy + Dyx + Evy. (111 .6)
Some algebra yields
b% — 4ac = (B% — 4AC)(xry — dyix)>. aNn.7)

The last term is never zero. Therefore the original and foamsed discriminant have the same
sign.
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Moreover, if we choose andy such thata = ¢ = 0, the principal part of the transformed
equation will be particularly simple. This requires tipaindy, are each solutions of

Azx)? + Bzzy + C(z))> =0, z=2z(x,y). a1 .8)

Such a solution defines a surfarg, y). The level curves or contoux, y) = constant of
this surface are called the characteristics of (111.1).

For Q2, suppose, ux, anduy are known along a smooth curi’eon thex-y plane. If this curve
is parametrised by the parameseso that

X =X(8), Yy=Y(8), u=F(s), ux = G(s), uy = H(s),

then we use the chain rule given by
d_dco dya
ds dsdx dsay

to obtain
dx dy dG

d
ds (Ux) = uXXE + ny& = &S

and
d dx dy dH

ds (uy) = Uyxgs + Yygs = as

Together with the PDE (lIl.1), there are three linear equreiin three unknowns for the second
order derivatives. This may be written in matrix form as

A B C Uxx
[x/(s) y(s) 0 } [uxy} = known vector

0 X9 Y(9dLuyy

This system has a unique solution provided the determirfaheaoefficient matrix is not zero.
Now this matrix has determinant given by

o -exioroixor=a[g] -s[g ] e [5]
ALY (92 — BX(9)Y'(S) + C[X'(S)] _A[ds o[ XY o[
_[dydx7? dx dy dx dx 12
- 5wl oleae) CE
_[an2 dx7?
_[An —Bn—i—C][E] ,

. d . .
withn = Y being the tangent tb at(x, y(x)). In generak’(s) # 0 and hence the determinant

) dx
is zero when
An> —Bp+C=0. (I11.9)
. . d , : :
This is a nonlinear ODE fon = 4 and determines the curvé&sfor which the linear system

X
does not have a unique solution. These curves are the chiastics of the PDE.
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We note the following:

e Clearly there are two, one, or zero real solutions to (llid@pending on the sign of
B2 — 4AC.

¢ In the hyperbolic case of two real solutions, the charasties define natural coordinates
¢ andy in which to study the PDE given in (Ill.1).

e Inthe elliptic case, there are zero real solutions. Thismad¢hat there are no curves along
which discontinuities can propagate. Thus solutions apttl equations are generally
smooth.

¢ In the parabolic case, there is just one real solution. Theams that it is not possible to
make botha andc equal to the zero function.

¢ Related to the indeterminacy/non-uniqueness of secoret detivatives along a charac-
teristic is that fact that (physically significant) disconiities in the solution of (lll.1) can
propagate ONLY along characteristics. So for physicalesystmodelled by hyperbolic
PDEs, one might expect phenomena such as shocks.

We now give examples of characteristics by considering tla@ewequation (hyperbolic),
Laplace’s equation (elliptic), and the heat equation (palia).

Example 2.1.The one dimensional wave equation is giverugy— c?uyyx = 0. Usingt as the
. dt - . . .
‘y’-variable, thery = — satisfies the equation given in (111.9). Hence

dx
dt 1
—Czn2—0+1:O:> — ==+
dx C
Thus the characteristics are the curves
X X
t=—+4+c¢ and t=-—— 40y,
c c
wherec; andc, are constants, @t — x = ki andct + x = ko. X

: . o d
Example 2.2.The two dimensional Laplace’s equation is givenky+uyy = 0. Thenp = d—z

satisfies q
2 y ,
—04+1=0= = =4i,
i + = X

where £ = —1. Thus the characteristics are the curves

y=iXx+c and y=—ix+ Cp,

wherec; andc, are constants. The characteristics are not real-valued. X
. . L dt
Example 2.3.The one dimensional heat equation is givenupy- kuxx = 0. Thenn = X
satisfies ot
2
—kn“—04+0=0= — =0.
1 dx
Thus the characteristics are the curves constant. X
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In answering Q1 and Q2, we have introduced characteriste&c@V.8) and (111.9). We would
expect some connection between them as is indeed the case.

Theorem IIl.1. If z(X, y) is a solution of111.8), thenz(x, y) = constant is a characteristic of
(I11.2) ifand only ifz(x, y) = constant is a solution ¢fil.9).

Proof. Assumez(x, y) is a solution of (lll.8) withzy # 0. Thereforez(x,y) = K =
constant (implicitly) defines at least one single-valuedcfiony = F(x; K). Differentiat-
ing z(X, y(x)) = K with respect to yields

dz 0dzd d

9z ozdy o dy _ z

ox  aydx dx Zy

Dividing (I11.8) by (zy)? yields

With n = % we then see that

An*> —Bn+C =0,
which is precisely (111.9). Thereforg = F(x; K) satisfies (111.9) which implies that(x, y) =
K is an implicit solution of (111.9)

In our proof so far, we have assumed that~ O. If it is the case thaty = 0O, but (I11.8) is not
identically satisfied, then we must haxe# 0 and we can repeat the above argument with the
roles ofx andy swapped around.

We now prove the converse of the result. két, y) = K be a general solution of (I11.9). We
want to show thag(x, y) satisfies (111.8) at an arbitrary poirikg, Yo). So letKo = z(Xo, Yo)
and consider curveg = G(X; Kp).

Along G, (I11.9) holds so that

dy 2 dy
A(&> —B&+C_O.

But alsoz(x, y) = constant here so that as before

dy X
dx  zy’
Substitution then yields
Zx 2 Z)( 2 2
y y

which when evaluated at = Xxg is equal to (l11.8). So the solutions of (111.8) and (I11.9)atch.
O
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83 Canonical forms

It is possible to show that i, B, andC are smooth functions of andy, then there will always
exist a locally one-to-one coordinate transformation

¢=¢Xy and ¥ =y(XYy)
which transforms the principal part of (111.1) to the follavy CANONICAL FORMS:

parabolic (heat equation) Ugg,
hyperbolic (wave equation)Ugy OF Uggp — Uy,
elliptic (steady state) Upgp + Uy -

If it happens thatA, B, andC are constants, then the transformation turns out to be arline
change of variable. To obtain the appropriate transfoimnatve can make use of characteristics.

Example 3.1.It may be verified that the PDE

2uXX — 4ny — 6Uyy + Ux = 0

is hyperbolic. To find the characteristics, we make use ¢f)ll Forn = % we have

2n2% 4+ 45y — 6 = 0 and hence

dy 4+ 16— (48 —4+8

= _ -3, 1.
dx 4 4

Upon integration, we find the characteristic curves arergiwe

y=-3x+c and y=X+0C or X+y=c and —Xx+y=cy.

Then the transformations we require ares, y) = 3x + y andy (X, y) = —x + y. By making
use of (I11.2)—(111.6), we find the original PDE is transfoed to

—32U¢1// + 3U¢ — Uw = 0. X

We consider the situation in which (I11.1) is an elliptic edion, thatisB2—4AC < 0. Though
the characteristics are not real, it is still possible to enake of the characteristics to transform
the principal part into the canonical forag, + Uy .

Thenn = % is given by the complex values

dy B=iy/|B2—4AC]

dx 2A
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The characteristics are of the form

Z(X, y(X)) = ¢(X, y) £ iy (X, y) = constant

We see from (111.8) that

0= A(z)? + Bzzy + C(z)?
= A(dx + V%)% + B(gx + i) (py + ithy) 4+ Coy + iry)?

= Al(#x)% — (¥x)?] + Bloxdy — ¥xibyl + Cl(gy)? — (¥y)?]
+ i [2Apx¥x + Bpxy + dy¥rx) + 2Coyy ]

= [A@0? + Boxdy + Cloy)?] — [ A% + Byt + )7

+1 [2A0x¥x + B@xy + dywx) + 2Coy iy ]
= [a —c] + bi,

where we have made use of (I11.2)—(lll.4). Herace- c andb = 0.

So takingy = ¢ (X, y) andyr = ¥ (X, y) transforms the principal pafuyx + Buxy + Cuyy to
AUgg + DUgy + CUyy = a(Upgp + Uyy ).

Dividing by a yields the canonical form.

Example 3.2.We find the canonical form of the elliptic equation

Then
dy 2++/22-68 _ .
d_z:f:1:|:4|:>y:x:|:|4x+constant

So the characteristics are of the form
Z(X,y) = X — y £ i4x = constant

So we can take the transformations tafig, y) = x — y andy (X, y) = 4x. Then, as expected,
the original equation gets transformed to

16upp + 16Uy y =0 Or Upy + Uyy =0. X

We now give an example showing how a parabolic equation mgyubénto canonical form.
Example 3.3.The PDE
e Uxx + 26 Yuyy 4+ e?uyy = 0
is parabolic since
B2 — 4AC = 4e”*%Y — 4e”e? = 0.
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To find the single real characteristic, we have

% B 2eX+y
dx =~ 2e

=&/ = e Ydy =e "dx.
Upon integration, we find

—e Y = —e * + constant
so that the characteristics curves are giveeby— e Y = constant.

By takingy (x, y) = e * —e ¥, we havec = 0. Now in the new coordinates we must still have
b? — 4ac = 0 (see (I11.7)). It follows that it = 0, then we must also have= 0.

The choice ofp is arbitrary. A convenient choice heregigx, y) = X. By making use of (111.2),
(111.5), and (l11.6) we then obtain the PDE

e Uy + (ezxe‘x +2etY x 0 — ezye‘y> Uy =0 & Ugy + (e‘x — ey‘2x> uy = 0.

Now we need to change oMrandy coordinates int@ andys coordinates. We can write

R P S eX-eV  eX-e¥ ¥
ex—y 1— (e X —eY)eX 1—yet’
Hence the final PDE is "
Upep — uy, =0. X
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Part IV — First order PDEs and method of characteristics

81 Introduction

We have been concentrating on second order PDEs. Now wedentfigst order PDES in more
detail. For more generality, we consider systems of suchs?DE

Definition. The generafjuasi-lineaisystem oh first order PDESs im functions of two indepen-
dent variablex andy is given by

n n

aU; au; .
Yoaj—r+y bj——2=c, ls<i=n (IV.1)
- X & ay
j=1 =1
wherea;j, bij, andc; are functions ok, y, uy, ..., Un.
The system is said to tmost linearf g andbij are independent afy, .. ., Un.

It is said to bdinear if in addition, eacft; depends linearly on thg .

It is convenient to write the system in matrix-vector naiati So let
) )T, A=(aj), B=(by).

Hence the system given in (IV.1) may be written as

u=(Uug,...,Uy)’, c=1(Cg,...,Cn

Auy + Buy =c. (IV.2)
One may also have@nservation forngiven by
au ol
— + —F(@u)=0.
oy + X )

In such a form, the variabhg usually corresponds to time.

If A or B is non-singular, one can usually classify (IV.2) as eltptiyperbolic, or parabolic.
Let
Ph(A) = detA— AB) = det AT — ABT).

WhenB is non-singular, we can write
det A — AB) = det(B) det B~*A — Aly),

wherely is then x n identity matrix. ThenP,(1) is a polynomial of degrea. The system
(IV.2) is classified as:

e Elliptic if Py(1) has no real roots.

e Hyperbolic if P,(1) hasn real distinct rootOR if P,(A) hasn real roots with at least
one repeated and the generalised eigenvalue propdem- ABT)w = 0 yieldsn linearly
independent eigenvectons

e Parabolic ifP, (1) hasn real roots with at least one repeated and the generalisedwalyie
problem yields fewer than linearly independent eigenvectors.

If Ph(2) has both real and complex roots, an exhaustive classificegtioot possible.
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Example 1.1.The Cauchy-Riemann equations which arise in complex aisafys given by
Ux = vy anduy = —vx. Setting

[ g el

we haveAuy + Buy = 0. Then

P,(1) = det A — AB) = det([ —1x ﬂ) =1+ 2%

This quadratic has rootsi and so the Cauchy-Riemann equations form a elliptic syster

Example 1.2.The 1D heat equation is given loy = xuyx, k > 0. If we takey to bet, and set
v = Uy, then we have vy — uy = 0. Setting

u:|::j:|, A=[2 f)} B=[_é 8] CZ{S]’

we haveAuy + Buy = c.

In our classification of first order systems according to tieds of P, (1), we have assumed that
B was non-singular. However, for tH# given above, it clearly has determinant zero and so is
singular. (One can verify that d&t — A B) is independent of.)

To get around this problem, we note thats non-singular, so we can interchange the rol& of
andy and hence effectively interchange the rolefochnd B. Thus we may consider

Po(h) = detlB — 1 A) = det([ s _SKD s

This quadratic has the root 0 repeated. Solving the gesethkigenvalue problefBT —
AAT)w = 0 yields just the single eigenvectar = [2] So, not unexpectedly, the 1D heat

equation forms a parabolic system.

82 Normal form for hyperbolic systems

If the system
Aux + Buy =c

is such that the matrice& andB are related byA = D B, for somediagonalmatrix D, then the
system can be written icompact form

i 0
Zbu (du uJ U]) G, 1<i<n

dy
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If the i-th equation involves derivatives in only a single diregtithen the system is said to be
in normal form In this case, we need to have

dx
di = d_y

To see this, suppose + gj is the unit vector for whichl;j = «/8. Then

) au; . au; o au; n au; . 1 ou; ouj
"ox a9y  Box  ay B\ ox ay )

Except for the factor A8, this is the directional derivative af; in the directiorxi + gj.

The advantage of systems of PDEs that can be written in sucaahform is that, effectively,
thei-th equation depends on just one differential operator. h®atieory is closer to that of
ODEs and so they can be solved by using techniques for so@bgs. Before considering
how this may be done, we cover some more theory on first orgegrbglic systems.

Definition. Suppos€lV.2) is a hyperbolic system in which, (1) hasn real distinct roots, say

A1, ..., An. Then thecharacteristic®f (IV.2) are the curves in the-y plane along which
dx
— =i, 1<i<n
dy

Theorem IV.1. SupposélV.2) is a hyperbolic system. Then IBt be then x n diagonal matrix
whose diagonal entries are the Then there exists a non-singufax n matrixT such that

TA=DTB.

Proof. For the hyperbolic system, we have
det AT —2iBT)=0, 1<i<n.
Suppose the corresponding eigenvectayisthat is,
(AT —2iBTHw =0.

Note that thew; form an linearly independent set. Taking the transposeisflfist equation
yields
W (A—2iB)=0".

If wi hasj-th componentyjj, then thek-th component owiT(A —AiB)=0Tis given by
n
Zwij (ajk —kibjk) =0, 1<i<n.
j=1
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If T = (wij), then this last equation is simply

(TAiKk —A2i (TB)ik =0« (TAk —di(TB)ik =0
< (T Aik — (DT B)ik =0.
It then follows thafT A= DT B. O
A consequence of this theorem is that if (IV.2) is not in norfieam, then we can obtain a
normal form by using the transformed system
TAux +TBuy=Tec.
If Ax=TA, B* =T B, andc* = Tc, we have
A*uy + B*uy =c¢* or DB*uy + B*uy =c".

o _ dx
So it is in compact form. It is in normal form because by candion, dj = Aj = d_y
1<i=<n

When we looked at second order linear PDEs, we saw that wel aoake use of characteristics
to make transformations, which resulted in PDEs of a simfgen. We shall make use of
characteristics here to do something similar.

Example 2.1.Let us consider the single quasi-linear PDE
a(x, y, Wux + b(x, y, wuy = c(x, y,u), b(x,y,u) #0.

So the matrixA is 1 x 1 and consists of the single functianx, y, u). Similarly, the matrixB
is 1 x 1 and consists of the single nonzero functlaix, y, u). Then ifd = a/b, we have
a=d x b, and hencé(duy + uy) = c, that is, the PDE is in compact form.

Moreover, detA — AB) = a— Ab and is zero when = a/b. Thus withd = a/b, we conclude
thatb(dux + uy) = cis in normal form. Moreover, the characteristic curvesséuti

dx_

— =d=
dy

a
b

In the method of characteristics, we change from the coatdéx andy to new coordinates
s andt such that the PDE becomes an ODE along the characteristiesur thex-y plane.
The variablet will vary along the characteristic curves so that, in a seitggrametrises the
characteristic curves. The ODE obtained is given by

du c

a
To see this, by the chain rule we have

du_gudx  audy
dt  9xdt = dydt’
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However, the PDE iaux + buy = c. This then shows that we may obtain the ODE by taking
dx dy

a A
With this choice, we indeed ha¥garametrising the characteristic curves since
dx
& _ @ _a_,
dy dy b
dt
So along a characteristic curve, we have the equations
dx dy du
= -2 — — ==C. V.
a2 @~ w=° V.3
We then see that q q q d
u_cdy ax _ady
& “ba ™ & Tba v
which, when rearranged, yields
o = dy = du = constant (IV.5)
a b c

So far we have been relatively silent about the coordisafes we shall see with examples later,
it turns out thats is used to parametrise the initial curve associated withrthial condition
for u. X

The forms (IV.3) and (IV.5) are convenient ways to find a gahsolution for such PDEs. This
is called the “method of characteristics” for first order RD&nhd the equations in (IV.3) are
known as the characteristic equations. This method is basége following theorem.

Theorem IV.2. A surfaceS given byu = f(x,y) defines a solution to the quasi-linear first
order PDE
auy +buy =c

if and only if the characteristic equations giver(id.3) holds at each point d.
Proof.If u = f (X, y), thenf (x, y) — u = 0. Taking the differential of this equation yields

O=d(f —u)=df(x,y)— du= fydx+ fydy — du
= (fx, fy, =1) - (dx, dy, du).

This implies that
dx dy du
(fX9 fy» _1) : (a’ a, a) = O

Soif (IV.3) holds, then we have
(fx, fy, —1) . (a, b, C) == O = afx + bfy - C,
that is, f (X, y) satisfies the PDE.
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Let Sbe defined by a solutioR (x, y, u) = f (X, y) —u = 0 of the PDE so thai fy 4+ bfy = c.
Hence(fy, fy, —=1) - (a, b, c) = 0. In other words, at any poirR of S, the vector(a, b, ¢) is
perpendicular to the normalF = (fy, fy, —1) to the surface. S@a, b, ¢) lies in the tangent
plane forSat P.

Now a curve lying inS which passes througR will have (a, b, ¢) tangent to it. In particular,
this curve(x(t), y(t), u(t)) satisfies

<dx dy du

a, a, a) - (a, b, C).

This then yields (IV.3). O

83 Method of characteristics

We wish to solve the quasi-linear first order PDE
a(x’ y’ U)UX + b(X, Y» U)Uy = C(X» Y» U)

with initial conditionu = ug(s). This initial condition is associated with the initial cerV
defined byx = F(s), y = G(s), where for alls,

F'(s) , a(F(s),G(s),uo(s)) _ alr
G'(s) 7 b(F(s),G(s), Uo(s))  blp

In other wordsTI" is not tangent to a characteristic of the PDE.

The idea is to “thread” a characteristic through each pamfI'pthat is, we construct a char-
acteristic curve emanating froiif (s), G(s)). From the previous example, we see that the
characteristic equations for this PDE can be written (S€e]) as

dx dy_b du

@ wT? w e

wheret is chosen so thdat= 0 means we are ofi. These are to be solved subject to the given
initial conditions

XS, t=0=F(), y,t=0 =G(s), u(s,t=0) =ups). (IV.6)
Formally, by integration, we have
X(t) = /adt + X(s) = X(s, 1), (IV.7)

and similarly
y=y(s1t, u=u(t). (1V.8)
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These are parametric equations for a surfacaut by the previous theoreng is a solution
surface for the PDE. Moreover, the initial conditions giweKlV.6) ensure thal” x ug lie in S.

Henceif we can invert (1V.7) and the first equation in (1V.8) to solee f
s(x,y) and t(x,y),
we can use the second equation in (IV.8) to find the solution
u(x, y) = u(s(x, y), t(x, y)).

In fact, we can inverk = x(s, t) andy = y(s, t) in a neighbourhood df because along, the
Jacobian

oY) X Ys| B
B ' sty | [ X V| Xsht — XtYs
does not vanish. To see this, Bnwe have
p , ,(F a
J = XsYt — XtYs = Xsb — ays = bF'(s) —aG'(s) = bG o b £ 0,

by our assumption.

Based on the above, we can solve the quasi-linear first oIE=RIPX, y, u)ux +b(X, y, Wuy =
c(x, Yy, u) by using the following solution procedure:

(a) Write down the characteristic equations

dx dy du dx dy du
a_a, a_b, a_c or =~ - ¢

(b) Solve them fo(s, t), y(s, t), andu(s, t).
(c) Invertx andy to gives(x, y) andt(x, y).
(d) Substitute intau(s, t) to giveu(x, y).
We now give some examples of this solution procedure.

Example 3.1.Solve
XUX + yUy == U,

given thatu = x3onxy=1,x > 0.
The characteristic equations are
dx « dy du y
a - wx wT
The initial curve isxy = 1, so we take the initial conditions to bx€s, 0) = s, y(s,0) = 1/s,
ucs, 0) = (x(s, 0))% = s,
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Upon solving, we find that
X(s,t) = c1(S)e',  y(s, 1) = ca(s)e!, u(s, t) = ca(s)e.
Applying the initial conditions shows that
X(s,t) =s€&, y(s,t)=¢€/s, u(st)=s"

Inverting yields

1/2

1
s = (X/y) and t = > log(xy).

Sinceu(s, t) = s%€!, the desired solution is then

2
u(x, y) = x/)¥2xy)2 = x?y = XV X
Example 3.2.Solve
Ux + Uy = —2u,
given thatu(x, 0) = sin(x).
The characteristic equations are
dx_l dy_1 du——2u.

d 7 dt T dt

The initial curve isy = 0, so we take the initial conditions to b&s, 0) = s, y(s,0) = 0,
u(s, 0) = sin(x(s, 0)) = sin(s).

Upon solving, we find that

X(s, 1) =t +c1(S), VY(s,t)=t+cys), u(st)=czs)e 2.

Applying the initial conditions shows that
X(s,t)=t+s, ys,t)=t, us,t)=sins)e 2.

Inverting yields
s=x—-Yy and t=y.

Sinceu(s, t) = sin(s)e~ 2, the desired solution is then

u(x, y) = sin(x — y)e %. X

Example 3.3.Solve
XUx + YyUUy = —XY,

given thatu = x3onxy=1,x > 0.
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The characteristic equations are

dx_x dy J d—u——x
a =0 w I w T

The initial curve isxy = 1, so as before, we take the initial conditions toxis, 0) = s,
y(s,0) = 1/s, u(s, 0) = (x(s, 0))% = s°.

In this particular problem, though we can solve the first OBbBeafore, we cannot easily solve
the second and third ODEs because we do not kmowthe relationship between the variables
x andy and the variablé.

However, we can make some progress on this problem by beirtgceerer. Note that we
have
d dx dy du du d [ uz]

a(x ):ay—i-xa:xy—l—ny:—a—au:—a u_|_? .

This implies that
2

X ——u—u + f(s)
y_ 2 )

where f (s) is an arbitrary function o$. The initial conditions show that

6

3 S
— s3> 4 f
1 S + f(s),

and hence
6

f(s):1+s3+s§.

This is as far as we can go. At this stage, it is not clear b@swelated tax andy except we do
know thatx(s, t) = s€.

Example 3.4.Solve
a(u)ux +uy =0,

given thatu(x, 0) = ug(X).

The characteristic equations are

dx dy du

at dt a =2

The initial curve isy = 0, so we take the initial conditions to begs, 0) = s, y(s,0) = 0,
u(s, 0) = up(x(s, 0)) = uo(s).
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Currently, we do not know and hence cannot solve the first ODE. However, we can solve the
other two ODEs and obtain

y(s t) =t+cu(s), u(st)=ca(s).
Applying the initial conditions shows that

y(s,t) =t, u(s,t) = uop(s).

. dx
For the first ODE, we now hav%t— = a(up(s)). Hence

X(s, t) = a(up(s)t + f(s).

The initial condition shows that (s) = s and sox(s, t) = a(ug(s))t +s. From abovey =t,
and so we have = x — a(ug(s))y = X — a(u)y. We then conclude that(x, y) = ug(s) =
Up(X — a(u)y), which is an implicit equation fou.

To get the solution explicitly, we need to be able to solve
O(X,y,u) :=u—Up(Xx —auy) =0

for u as a function ok andy. To do this, we need

09
- 0,
ou 7
that is,
! d / da
1—up(x — a(U)y)@(X —a)y) # 0= 1+ ug(x —a)y) Yg £ 0.
This is always true fory| sufficiently small, and perhaps elsewhere too. X

Example 3.5.Continuing the previous example, &fu) = u, so that we have
Uuy +uy = 0. (IV.9)

This is a limiting case of Burgers’ equation for inviscid flokrom above, we have(x, y) =
Uo(S) = Uo(X — UYy).
Now recall that the characteristics are solutions of theagqo

dx du
— = that — = 0.
dy u(x,y) andtha " 0

Since this last equation shows thais constant along a characteristic curve, then we lyaxe
X/u(X, y)+ c. These are straight lines, but are not parallel. This mdaisbme characteristic
curves may cross. Since the solution is constant along dechaeristic, a singularity will arise
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whenever two characteristics cross; the values afong the two characteristics are different
and hence will become multi-valued at the point of crossing.

This example illustrates a common difficulty in nonlineaphlgbolic equations. The equation
is a simple model for the formation shocksn the flow of a gas. Not only does the solution
of (IV.9) break down when two characteristics meet, but sesdbe mathematical model of the
situation. Viscosity becomes important then, and the ¥dicous Burgers’ equation given by

UUx + Uy = ulUxx,

wherep is the viscosity, should be used. X

Example 3.6.As a special case of Example 3.4, we consider the advectigatieq
AUy + Uy = 0,

wherea is a constant. Suppose we have the paxgixy, andx, with Xg < X1 < X2 and let the
initial condition be given by

¢(X), X < X1,

ux, 0) = upg(x) = { V(X)., X> X

for some given functiong andy with ¢(x1) # ¥ (x1). Hence the initial condition has a
discontinuity atx = xj.

From Example 3.4, the characteristic curves satisfy at + sandy = t so thaty = (x —s)/a.
Settings = xj for j =0, 1, 2, then the characteristic througky, 0) is y = (X — Xj)/a and the
solution along each characteristiclig(xj). Thusu(x, (X — Xp)/a) = ¢(Xo) While u(x, (x —
Xo)/a) = ¥ (X2). If we let xp, Xo — X1, then we see that the solution must have a discontinuity
along the characteristic which goes through, 0), the point at which there is discontinuity
in the initial condition. Hence, as in the previous example, see that discontinuities can
arise across the characteristics for hyperbolic equatiditscan be proved that solutions of
parabolic and elliptic equations are analytic even wherbthendary or initial conditions have
discontinuities.) X

Example 3.7.We solve (for constants, 8, andy)
XUx + YUy = au+ B

with initial conditionu(x, x%) = x”. The initial curve isy = x2, so we take the initial conditions
to bex(s, 0) = s, y(s, 0) = s%, u(s, 0) = (x(s, 0))Y = s”. The characteristic equations are

OI—X—x dy_ du_ u+p
IR A S

Hence, we have
X(s,t) = ca(s)e,  y(s,t) = c2(s)e!,  u(s,t) = (ca(s)e™! — B) /.
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Applying the initial conditions shows thais, t) = sé&, y(s, t) = s?€', and

(as’ + p)e*t — B
” .

ues,t) =

From the equations fax(s, t) andy(s, t), we haves = y/x andt = log(x/s) = log(x?/y).
Then we conclude that

@Y/ +BOC/Y* = B _ ay? XY + pxy ™ —

o o

ux,y) =
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Part V — Second order hyperbolic equations and the method ofltaracteristics

So far, we have considered using characteristics to findt exdations. However, it is possible
to obtain a numerical method based on characteristics. Wsiader such a method for the
second order PDE

Auyy + Bny+CUyy: G, (Vl)

whereA, B, C, andG may be functions ofi, ux, anduy, but not ofuyy, Uxy, Or uyy. Let us set

P:Ux, QZUy, R:uXx, S: qu, T:Uyy.

Then 4P q q
y y
— =P+ Py~ =R+ S~ V.2
dx xt Y dx + de’ V.2
and dQ d d
_ y y
o = T Qg =StT o V.3

while the original equation (V.1) may be written as
AR+ BS+CT =G.

Upon solving forR andT in (V.2) and (V.3) respectively, the original equation thmtomes

A(d—P—sy)jLstLc(dQ d—x—sdx> e

dx dx dx % dy d_y
. dy . .
Upon multiplying by—d—x and rearranging, we obtain
dy\? _dy dPdy _dQ dyl
S[A<d_x) — Bd_x+c} - {Ad—X&nLCd—X—G&] =0. (V.4)

Now let us choose a curve in tixey plane so that

A — B - V'

that is, theSterm is eliminated. By (V.4), it then follows that

dP dy dQ dy
A&&—FC&—G& =0. (V.6)

This shows that there could be up to two directions, givenhigyroots of the quadratic (V.5),
where the relationship (V.6) holds.

Now recall that the characteristics are given by the satubib(V.5). So far, we have made no
assumption about (V.1) being a hyperbolic equation. Fol)¥ be hyperbolic, we require
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B2 — 4AC to be positive, that is, the roots of (V.5) are real and détirin this case, let us
write the roots ad= and H. Then the curve whose slope at any poinfrids said to be a
F-characteristic, and similarly | -characteristic.

Let I' be anon-characteristiccurve along which initial values fon, P, and Q are known.
Leta = (Xo, Yo) @nd B = (Xg, Yg) be points onl" that are close together and suppose the
F-characteristic througl meets theH -characteristic throughi at the pointy = (x,, y, ).

F

r

Let us treat the ara®y andBy as straight lines of slopg, andHg respectively. These slopes
may be found by using (V.5). Then we have

yy — VYo = Foz(xy - XO[) (V7)

and
Yy —Yp = Hg(Xy — Xp), (V.8)

which gives equations for the two unknowxisandy, . From (V.6) we have the relationships

dpP dQ _dy

ACF+C= -G =0
and dp 4o _dy

The first relationship can be approximated alangby

P, — P — —
% aFoz+Coz Q, — Qq _Gayy Yo _0
X, — Xg X, — Xg X, — Xg

A
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whereA, = A(Xy, Yo) €tc., while the second relationship may be approximateuggy by

P, —P — —
Ag Y ﬂHﬂ-I-CﬂQy Qﬂ—G,gyy yﬂ:O.
Xy — Xg Xy — Xg Xy — X
Thus we have
Aoz(Py — Py)Fy + Ca(Qy - Qot) - Ga(yy - Ya) =0 (V9)
and
Ag(P, — Pg)Hp 4 Cp(Q, — Qp) — Gp(y, — yp) =0. (V.10)

Oncex, andy, have been calculated from (V.7) and (V.8), these two eqoatyeeld P, and
Q, . Thevalue ol aty = (x,, y,) (Which we write asi,, = u(x,, y,)) may then be obtained

from q q q
u_ ay _ ay
&_ux+uydx - P+de'

This is done by replacing the valuesiBfand Q alongay by their average values and approxi-
mating this last equation by

U, —Uy 4 1 Yy = Yo
:_(Poz+P)+_( o+ )
Xy _X(y 2 )/ 2 Q QJ/ Xy _XO(
or
Uy = Uy + 3(Pu + P, (X — Xo) + 3(Qu + Q) (Yy — Vo) (V.11

This first approximation fou, can be improved by replacing values of the various coeffisien
by average values. Thus (V.7) and (V.8) become

Yy — Yo = 3(Fa + F) (X, — Xo) (V.12

and
Yy =Yg = 3(Hg + Hy) (%, — Xp), (V.13)

which yield improved values of, andy, . One can consider (V.7) and (V.8) to be application of
Euler's method as a predictor while these last two equatitagsbe considered to be application
of the trapezoidal method as a corrector. Similarly, we dataia improved values o, and

Q, by modifying (V.9) and (V.10) to

5(Aa+A)) (P, —Py) 5(Fu+F))+3(Ca+Cy)(Q) —Qu)— 3(Ga+Gy ) (Yy —Ya) = 0 (V.14

and

3(As + AP, — Pp)5(Hg + Hy) + 3(Cp +C,)(Qy — Qp) — 3(Gp + Gy )(yy — Yp) = 0.
(V.15

An improved value fou, = u(x,, y,) may then be obtained from (V.11), while the values of

A,, B,,C, may be usedin (V.5) to find improved valueskgf andH, . An iterative procedure

based on (V.12), (V.13), (V.14), (V.15), (V.11), and use ¥f5) to improveF, andH, may

then be carried out until all of,, y,,, P,, u,, converge. |tx andg are close together, the number
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of iterations required will usually be small. We remark tiiad, B, C, andG are constant, then
there is no point in doing this improvement process as thgagalill not change.

In this way we can calculate solution values at the grid goiandx (see previous diagram),
and then proceed to the grid pointand so on. As for one-dimensional hyperbolic equations,
discontinuities in initial conditions are propagated ascdntinuities into the solution domain
along the characteristics. In such a situation, the metHocharacteristics is probably the
best technique. However, if there are no discontinuitiestefidifference methods should be
satisfactory.
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Part VI — Numerical solution of PDESs using finite differences

81 Finite difference formulas

The technigues we shall now consider are finite differencthaus. Such methods differ with
the types of the PDE and boundary conditions, but the cefaedlire of each method is the
approximation of derivatives by finite differences. We $bahcentrate on parabolic equations,
but shall have a brief look at hyperbolic equations as webreHve shall use the independent
variablet (for time) rather thary.

If the function f is sufficiently differentiable, then

2 3

f(x£h)= f(X)ihf/(X)+%f”(x)i%f(3)(x)+---.

Using this equation, we can derive finite difference forrsidach as

_ o+ hr)] - foo g £ (£) — forward difference

, f(x)— f(x—h) h
f/(x) = - + 3
f(x+h) — f(x—h) h?

2h 6
f(x+h) —2f(x)+ f(x—h) h?
h2 12

Thus ifu is sufficiently differentiable, we have

f'(x)

f” (&) — backward difference

f/(x) = f 3 (&) — central difference

f7(x) = f @ (&) — central difference

_U(X+h,t) —2u(x, t) + u(x —h,t)

Uxx(X, 1) = > +0(h?).
82 Parabolic equations — an explicit method
We now consider the numerical solution of the problem
ut:uXX9O§X§17t207 (Vl'l)

whereu(x, 0) = f(x) andu(0,t) = u(l1,t) = 0 with f(0) = f(1) = 0. Here the boundary
conditions are Dirichlet conditions.

Now leth = 1/M for some positive integevl, and letk be the increment ib. Definex; = ih,
0<i < M,andt, = nkforn =0,1,2,... We use finite differences to approximate the
solutionu at the point(x;, ty) of thex-t plane in the region

Q={x1t):0<x<1 t>0}.
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Using a central difference approximation fatyx and a forward difference approximation for
u¢, we have

ux +h, th) —2u(Xi, th) + u(xi —h,ty)  h?

Uxx(Xi, th) = 2 — 1—2Uxxxx(Xi +&h, tn),
and Xi,th +K) —u(xi, tn) K
ucx, — u(X,
Ut (X, tn) = ——— » LI SUtt (.t + 7nk).

where—1 < & < 1and O< n, < 1. Let us denotei(x;, ty) by ul’. Substitution into (VI.1)
yields

unt1 _yn ul,, —2ul +u k h2
I K L 4 h?_l -1 + éutt(xi . th + k) — 1—2Uxxxx(Xi +&h,th). (V1.2

With the higher order terms neglected, we obtain an appratieny" to ui’ with a truncation
error of O(h?) + O(k) given by

A D R (s (01

— = > (VI.3)

If we setr = k/h?, we obtain
y =yl @ =20y +ryl . (VI.4)

Thus we see that the approximation at titpe; is dependent on the approximations at time
at thex-valuesx; 1, X;, andx; 1. Using the boundary conditions, we have

ux,00= f(x) =y =ux.,0 = f(x), 1<i <M—1,

and
uO,t)=ul,t)=0=yl=yy =0, n=0,1,2,...

Takingn = 0in (V1.4) yieldsy! for 1 <i < M — 1. Then we can obtaiy? for1 <i <M —1
etc. Since eaclyir”rl is calculated directly from (VI1.4) by using known values la¢ forevious

t-step, the method is, not surprisingly, called an expli@tiod. In matrix form, the method is
given byy™t! = Ay", whereAis the(M — 1) x (M — 1) matrix given by

11— 2r r 0 0 0 0 7
r 1—-2r r 0 0 0
0 r 1-2r ... 0 0 0
0 0 0 1-2r r 0
0 0 0 r 1—-2r r
) 0 0 0 r 1-2r

44



and
Y1
Y2
y'=1|
Y:M_p_
Ym-1
We shall shortly see that we cannot expect good results when % We firstly look at
convergence. From (VI.2), we have

k h2
Uin+l = rUin_H + @ —-2nul +rul ; + Kk |:§Utt(xi , th 4+ 1nk) — 1—2Uxxxx(xi +&ih, tn)] .

If & = u — y", then subtracting (VI.4) from this last equation yields

k h?2
q”*l = rein_H_ + (1 - 2r)q” + rein_l +k |:§Utt(xi , th + k) — 1—2Uxxxx(xi +&ih, tn)] .

If uis sufficiently differentiable, we see that the term in theia® brackets is bounded by
M1k + M2h2. If we setE, = Omax €|, we see that for &< r < % (sothatl—2r|=1-2r)

<i<M

we have
Enyt <TEn+ (1= 2r)En +rEp + k[M1k + Moh?] = E, + k[M1k + Moh?].
Using induction, it is easy to prove that
Eni1 < Eo + (n+ DKMk + M2h?] =ty 1[M1k + Mah?].

Letting (h, k) — (0, 0), we haveE, — 0 or|e'| — 0. Hence the explicit method is convergent

foro<r < 1.

It is clear that the errors present in the approximatiorns-att,, will affect the accuracy of the
approximations fot = t,,1. Loosely speaking, the method is said to be stable if errors f
whatever source are not magnified as the iteration progges$ence they do not accumulate
and destroy the accuracy indicated by the truncation erdoes us assume th&f is the error
made in obtaining® = [ f (x1), ..., f (xm—1)]", and suppose no other errors are made. Then

yi= AP+ €Y, v2 = Ayt = ARP 4 A%,

and in general

y' =AY+ AN,
Hence at thex-th step, the error that comes froghis A"e®. For this term to be bounded, we
requirep, (A) < 1. (If Ahas eigenvalueg, 1 <i <M — 1, then

A= max [Ail.
po(A) = max il
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Since the eigenvalues éfare

[ i [ )
m=1-2r+2rcos( L) =1—arsiP(-2). 1<i<M-—1,
M 2M

1 — 4r sir? (zl—jl\T/l)

This is equivalent to requiring that

o<arsi?( ) <2
2M

we require
<1l 1<i<M-1

which is satisfied when L

r<—— .
~ 2sir? (5%)

This holds whenever < % which is the condition that we imposed earlier on to ensure
convergence.

In the analysis of stability, we have used a matrix approddtis is one of the standard ways
of investigating the growth of errors. Two other methodsthesenergy method and the Fourier
or von Neumann method. The energy method is more generaieds to be rather messy to
apply. The Fourier method is based on Fourier analysis andaometake a closer look at this

technique.

In this method we assume tf@t(the error alk = X, t = to = 0) is given by

M
& =D ymefm.
m=0

where £ = —1, then, are real numbers, and thg are the Fourier coefficients. For the explicit
method being considered, we see that if we ignore the triorcatror, then

et =rel  + @ —20)e +rel ;.

We see that this finite difference equation is linear. Thisnsethat we need consider the
propagation of the error due only to a single, typical ternupf@se we consider the typical
frequency|B| = |B¢|. The Fourier coefficient, is constant and can be neglected.

To study the propagation of this single, typical errot as oo, we want a solution of the finite
difference equation above which reduce=#i whent = 0. It may be shown that such a
solution is given by
eln — eiﬂxi eatn — eiﬂiheank,
wherea = a(p) is a complex number. For the error not to growt as- oo, we require that for
anyo, we have
|e”%| < 1foralln.

This is known avon Neumann’s criterion for stability
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Thus to study stability by using the Fourier method, we stiiste]' = ePXie?tn into the
difference equation above. This yields

BN gDk _ g Bi+Dheank | (1 _ op)aifingank | poif(—Dhgank

which is equivalent to _ _
ek —reh 4 (1—2r)+rePh,

Thus to satisfy the von Neumann criterion for stability, \equire
réﬂ“+-m.—2r)+re—m“(:|2rcoqﬁh)+(1—-2m|f;L

This leads to us requiringl — 2r + 2r cog8/M)| = |1—4r sir?(8/2M)| < 1, which is
satisfied when
r< ;
2 sir? (%)

This certainly holds when < % which is the conclusion we came to when we analysed stability
using a matrix approach.

From this analysis of convergence and stability just ca¥enes require O< r < % However,

this condition orr imposes severe constraints on the explicit method. Welrlthe finite
difference approximations have truncation erh?) + O(k) so that for good accuracy, we
require small values df andk. Then the condition G r < % means that we requite/ h? < %

ork < h?/2. Thus increments inmay have to be extremely small. So an enormous amount of
computation may be required to make any reasonable advarticeti direction. This problem

is overcome by implicit methods.

83 Parabolic equations — an implicit method

In the explicit method looked at in the last sectiog(x;, t,) was approximated by a forward
difference. Let us now approximate(x;, t,) by a backward difference. In particular, we have

uxi,th) —u(xi,th — k) K

Ut (Xi, th) = K + éutt(xi , th — nnk).
Thus we get
ul—u W —2uP U,k h2
: K : =+ h2| =1 Eutt(xi , th — nnk) — l—ZUxxxx(Xi + & h, ty).

Then we get approximationg' satisfying

A A (R s (e (1

> > (V1.5)
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As for the explicit method, the truncation error@gh?) + O(k). Settingr = k/h? again, we
have

Y=yl F @2y —rylg. (V1.6)

In this equation, we see that three approximations ahttiet-step are related to an approxi-
mation at thgn — 1)-th t-step, and so unlike the explicit method, we cannot solvefsingle
unknown in terms of previously calculated values. Methochsas (V1.6) are called implicit
methods.

As before, the boundary conditions yield
yo=u(,0=f(x), 1<i<M-1

and
Yo =u0,tn) =0=u(l, t)) =yy, N=0,1,2,...

Then we get the systesy” = y"~1, wherey" was as before, and

1+ 2r —r 0 0 0 0 7
—r 1+2r —r 0 0 0
0 —r 1+2r .- 0 0 0
A=| z A z z
0 0 0 oo 14 2r —r 0
0 0 0 —r 1+2r —r
| O 0 0 0 —r 1+2r ]

Since A is diagonally dominant, then it may be shown by considerfag = O that A is
nonsingular. Hence the systeftly” = y"~1 has a unique solution. So we see that we need to
solve a system oM — 1 linear equations at each step. This means that the impieihod
requires more computation than the explicit method alrdadiged at. However, as we shall
see, this is compensated by the fact that the implicit metiaoduse larger values &f

It may be shown that the implicit method is convergent relggdof the value of. Also, for
stability, we requireo, (A~1) < 1. Now the eigenvalues ok are given by

i . i .
i = —_ —_— = D — > < < —
Ao=1+2r 2rcos<M) 1+4rS|n2(2M)_1,1_|_M 1.

Since the eigenvalues @1 are just JA;, we see thap, (A~1) < 1 irrespective of the value
of r. Thus the method is stable for all valuesrofSo the method is convergent and stable for
all positiveh andk. In this case, the method is said tourgconditionally stable

We remark that the matriR is symmetric and tridiagonal. Moreover, because the emjerg
are positive, therA is positive definite. A CholeskiU decomposition (withJ = LT) may
then be used to solve the linear equations.

Suppose we now use the Fourier method to look at stabilityenTdy ignoring the truncation
error, it may be shown that (compare (V1.6))

= —rel  +@+20)e" —rel, ;.

48



Substitution ofe! = €% e#™n yields
gfihgr(n-Dk _ _gif(i—Dhgonk + 1+ Zr)eiﬂiheomk . reiﬂ(i-{—l)heank’

which is equivalent to

e = _re PN 4 (14 2r) —re'fh.

Thus to satisfy the von Neumann criterion for stability, \equire

1 1
- - = <1
|—re=1fh + (1+2r) —relfh|  |—-2r cogph) + (1 +2r)| —

This is equivalent tdl + 2r — 2r coS8/M)| = |1+ 4r sir?(8/2M)| > 1, which is satisfied
for all values ofr. This is the same conclusion we came to when using the magproach.

A generalization of the explicit method and implicit methomhsidered so far is the weighted
average approximation
yin . yin—l
k

This may be rewritten as

l - — —
2 [9 (W =2+ )+ - 9)(yi”+11 —2y" 1, yin—ll)] .

—r0y 1+ A1+ 20r)y" —roy’
=r@-0y"+@-2a-0ny t+ra-oy' i

When6é = 0, we get the explicit method we had before, witile= 1 gives the fully implicit
method just considered. Whén= % we get the Crank-Nicolson method to be considered in

the next section. This weighted average approximationésnditionally stable fo% <6<1,
butfor0< 6 < 3, we require

r< ———
—2(1-29)
for stability.

84 Parabolic equations — the Crank-Nicolson method

The implicit method looked at in the previous section haduadation error o0(h?) + O(K).
In this section, we look at two implicit methods which haveumtation error oD (h?) + O (k?).

The first method approximates(x; , t,) by a central difference approximation, namely

Ui, th + k) —uxi,th—k) k2
(Xi, tn )2k (Xi, tn )—Euttt(xi»tn+ynk)’

where—1 < y, < 1. Then we have the method

yin+1 _ yin—l _ yin_*—1 _ 2yin + yin—l

5 > (VI.7)
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For this method, it is not hard to see that the truncatiorrésr®(h?) + O(k?). Unfortunately,
this method (sometimes called Richardson’s method) hdsligtaproblems. In fact, it is
unstable for alt > 0.

To overcome this problem, the forward differencd at t, given by (VI.3) is averaged with
the backward difference at = t,1 given by (VI.5) (withn + 1 replacingn) to yield the
Crank-Nicolson method given by

yin+l _ yin 4+ yin+1 _ yin _ yin+1 _ Zyin + yin_1 + yin++11 _ 2yin+1 + yin—+11
2k 2h? '
or 1 1 1
W =y v - L Y T e V8
k 2h2 ‘ '

This method can be shown to have truncation e@®gh?) + O(k?). This O(k?) compo-
nent comes from the fact thayir”rl — y{)/k may be considered to be the central difference
approximation at = t, + k/2.

With r = k/h?, these above equations become

r

r r r
—= -njll + @A+ r)yi”“ — éyin:ll =y +@A-ny'+ 2yin+1'

27 2

With y° again given by the initial conditions tit= 0, we have the systesy"*1 = By", where
A andB are both tridiagonal matrices. They are given by

m1l+r —% 0 0 0 0 1
L 147 —% 0 0 0
0 —% 1+ 0 0 0
A= : :
0 0 0 1+r —%§ 0
0 0 0 -5 14r =5
L 0 0 0 0 -5 141
and
-1 —r % 0 0 0 0 T
% 1-—r % 0 0 0
0 % 1-—r 0 0 0
B = S z z
0 0 0 1-—r % 0
0 0 0 % 1—r %
L 0 0 0 0 r2 1—r

The matrix A is diagonally dominant, and hence nonsingular. So we gave = A~1By".
For stability, we require, (A~1B) < 1. Now we see thaB = 2ly_1 — A, wherely_1 is
the (M — 1) x (M — 1) identity matrix, and scA~1B = 2A~1 — [yy_1. This means that the
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eigenvalues ofA~1B are given byrj = (2 — uj)/pj, wherepj, 1 < j < M —1, are the
eigenvalues ofA. Since

jm ) jm
pj=1+r —rcos<ﬁ> =1+ 2r sir? <m>

we have 2
_1—2r5| (jm/(2M)) <j<M-1

LT 1 orsil(jr/2My) T

Clearly|Aj| < 1. Thus the method is stable for all valueshadndk. Using the Fourier method
leads to the same conclusion.

85 Derivative boundary conditions

Typically in heat conduction problems, one finds boundandtmons that reflect Newton'’s law
of cooling. So instead of the boundary conditiarg®, t) = u(1, t) = 0 that we've considered
so far, we have boundary conditions like

Ux(0,1) = au(0,t) + 8 and ux(l,t) = yu(l, t) + 4, (V1.9)

wherea, B, y, § are constants.

A fairly simple procedure may be used to incorporate coodgiof the form (VI.9) into any
of the three methods looked at so far. We first introduce twidtibos pointsx_1 = —h and

Xm+1 = 1+ h. Then assume that the equation given by either (V1.3), (Vb5 (VI.8) holds

fori = 0andi = M as well. As an example, let us consider the method given byt{Which

is equivalent to (VI.3). Then

Yot =ryd + @ - 2n)y8 +ry"; (VI.10)

and

n+1
Ym

=rymsr+ @A =20)yy +rym_ 1 (VI.11)
On the assumption that can be extended to be sufficiently differentiable in theorgd =
{(X,t): =h < x <1+h, t>0},then
u(Xq, th) — U(X_1, t h?
(X1, th) (X-1, tn) . —Uxxx(goh,tn)-

uX(Ov tn) = 2h 6

Dropping the truncation error, we have

y;? - yil

o —euO )+ 4= ayg + B,

which leads to
Y, = yI — 2hay] — 2hg.
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Similarly,

Y1 — YN
% — )/U(l, tn)+8 = yynM —|—8,

which gives

Substituting these into (VI.10) and (VI.11) yields

Yot =ryl + (1 — 2r)y5 +r (y) — 2hay] — 2hB)
= (1—2r —2hra)yg + 2ry? — 2hr§,

while
Yt =r(yh_1 + 2hyyly +2h8) 4+ (L — 2r)yhy +ryhy_,
= 2rym_1 + (@ —2r + 2hry)yy + 2hrsé.
Then we get the linear systegyfi1 = Ay" + b, whereA is the(M + 1) x (M + 1) matrix given
by

" 1—2r(1+ ha) 2r 0 0 0 0 7]
r 1-2r r 0 0 0
0 r 1—2r 0 0 0
0 0 0 1-2r r 0
0 0 0 r 1-2r r
| 0 0 0 0 2 1—2r(1—hy)
Yo —2hrB
Y1 0
y'=| : |, and b= :
YM-_1 0
ynM 2hré

Suppose the initial starting vector ¥8 + €°, where€e® is some initial error. Thery! =
AW + €% + b, y? = A2(y° + € + Ab + b. In general,

YV =A"W+e)+ A" b+ A" 2b+ ...+ Ab+b.

Then we see that the propagation of the initial error is ddpatonly onA. For the giverA, there
does not appear to be an explicit expression for the eigeesalJsing Gerschgorin’s Theorem
we see that the eigenvalugs(assuming they are real) must satisfgr < ij —(1-2r) < 2r,
as well as

—2r <Aj—(A-2rA+ha)) <2r and —2r <Aj —(1—-2r(1-hy)) <2r.

52



Hence we deduce that a sufficient condition for stability is

I < min ! ! !
- 2’2+ha’ 2—hy )

86 A more general parabolic equation

The derivation of the heat equation = uxx makes the assumption that the properties of the
rod such as heat conductivity and cross-section are unifoxn However, it is more likely that
some of these properties will depend xon For example, a dependence »ris often used to
model the flow of heat in a thin bar whose cross-section depend. Thus we consider the
numerical solution of the equation

Ui = a(X, t)Uxx

with appropriate boundary and initial conditions. We shaBume that the functiamis strictly
positive.

The explicit method given in Section 2 is extended in an obsivay to
yt =ralyly + - 2ral)yl +ralyl g,

Whereai” = a(xj, ty). The implementation is as before and the analysis of the eromilar.
The stability condition is replaced by

K ax,t) < 1
h2™" 77— 2
for all x andt in the region of interest.
The weighted average approximation may also be general@2ed way of doing it is to use
-yt at . PR
% — ﬁ I:G(yin-i-]_ _ 2y|n + yin_l) + (1 _ 9)(yin+ll _ 2yin 1 + yin_]_l ] ,
wherea* is some value to be chosen. However, it is not clear what v@iaé should be used.

One choice is to choos® = a(x;, tn — k/2). If it is awkward to calculata(x;, t, — k/2), then
an obvious alternative is to use

a* _ a(X| ) tn) + a(X| ’ tn—l)

87 Self-adjoint parabolic equations

Sometimes a parabolic equation may appear in the selfradgim

0
Ut = &(p(X, Duy),
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wherep is assumed to be positive. This may be written as

Ut = PUxx + PxUx

and it would be possible to use a finite difference method keesthis last equation. However,
it is usually better to apply such methods to the origindtadjoint form. We have

n

Ul — U
p(Xi +h/2, thux(Xi +h/2,th) =~ p(Xi +h/2, th) ———

h
and also
ul —ul g
p(Xi —h/2,th)ux(Xi —h/2,ty) ~ p(xi —h/2, tn)T'
Thus if 5
w(xv t) - &(p(xv t)uX)9
then
Uiy — uf U —uy
w(Xi, th) = p(Xi +h/2, tn)T — p(xi —h/2, tn)T'
This then yields the explicit scheme
yrtt—yn yho =y ym -y
T = PG+ hy2,t) T — pi — h/2,t) T

which may be expressed as
yin+1 = [1-r(p(Xi+h/2, th)+p(X —h/2, tn))]yin‘Hp(Xi +h/2, tn)yin+1+rp(xi —h/2, tn)yin_l-

An error analysis along the lines of the ones that we have daeweously shows that the method
will converge if
P <1,

whereP is an upper bound fop in the region of interest.

88 Finite difference methods for first order hyperbolic equaions

In 1928, Courant, Friedrichs, and Lewy formulated a neagssandition, now known as the
CFL condition for the convergence of a finite difference approximatioterms of the concept
of adomain of dependencéet us consider the advection equation

Ut +aux =0, (V.12

and for the moment assume thais a constant. From Example 3.6 in Part IV, if the initial
condition isu(x, 0) = ug(X), then the solution isi(X, t) = ug(Xx — at). Thus the solution at
the point(x;, th+1) is Ug(Xj — aty+1). Also, recall from that example that the characteristics
are straight lines and that the solution is constant along eharacteristic. This means that the
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value of the solution along the characteristic which goesubh the pointgx; — at,+1, 0) and
(Xi, thy1) Is justuo(Xi — atny1).

Suppose we consider a finite difference approximation td@jl The simplestone is an explicit
method so we get the method

yin+1 —y! n ayi“ -y _

" - 0.

This may be rewritten as
k
yin+1 — yin . aﬁ (yin . yin—l)
=1 —awy +auy 4,

where u = k/h. The value ofy™! depends on the values of andy" ,, that is, on
the approximations at two points on the previous time layel In turn, each of these two
approximations depends on the approximations at the tivet le_; etc. As illustrated in the
diagram below, the value q{‘“ depends on data given in the triangle with vertgx t.1).
Ultimately, this value depends on the initial values attthe 0O line at the points

Xi—n—l, Xi—n» LRI Xi—l’ Xl .

This triangle is called thelomain of dependenasf yi”+1, or of the point(x;, th+1), for this
particular numerical method.

The corresponding domain of dependence of the PDE is thacteaistic which goes through
the point(x;, th+1) (the lineay in the diagram below). The CFL condition then states that for
a convergent scheme the domain of dependence of the the PBHienwithin the domain of
dependence of the numerical scheme. In terms of the diagihémeans that the characteristic
line @y must lie inside the triangle formed by tlae

Typical domain of dependence

n+1
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The next diagram shows two situations in which the CFL coowliis not satisfied. Suppose
oy andpBy are characteristic lines (one far> 0 and one foa < 0). Clearly they lie outside
the triangle. To see why the numerical method is not convergdaen the CFL condition is
not satisfied, suppose we alter the given initial conditionsome region around the poiat
Suppose also that we were to redincandk in such a way that the ratie@ was constant; this
ensures that the triangular domain of dependence remarsathe. This change in the initial
condition ato will change the solution of the PDE @atsince the solution is constant along the
characteristiery. However, the numerical solution atis unchanged since the numerical data
used to construct the approximations remains unchangeads fhle numerical solution cannot
converge to the required resultjat A similar argument applies to the characterigtic.

Violation of the CFL condition

n+1

Recalling from Example 3.6 in Part 1V that the slope of therakteristic line is la, we see
that the CFL condition cannot be satisfied for (VI.12) wlzer 0, since the characteristic line
would be likegy. Fora > 0, we need to impose a condition pn Recall that atg = 0, the
left-most point of the domain of dependencéxs__1, 0) and that the point is (x; — aty, 0).
Thus for the CFL condition to be satisfied, we require,_1 < X; — atp1-1. Some algebra then
shows that this requirement is equivalent to

au < 1.

As mentioned earlier, the CFL condition is necessary foveayence and hence (according to
Lax’s equivalence theorem) necessary for stability. Wel shartly see that it is not sufficient
for stability. However, the CFL condition does allow us tgerd schemes which does not
satisfy the CFL condition as they will not be convergent ab&. Methods satisfying the CFL
condition may then be tested further for stability.

We now consider approximating (VI.12) by a more general iekphethod using three sym-
metrically placed points at the old time level (see diagramthe next page). It is then not hard
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to see that the CFL condition for such a method is
laju < 1.

Three-point method

n+1

v
x

If a > 0, the difference method should use bgth, andy" to obtainy™™. If a < 0, then
it should usey" andy" ;. To cover both situations, an obvious method is to use a aentr
difference in space combined with a forward differencenmmtito yield the method

1
y =yl n ayin+1 - ¥ _o

k 2h

Provideda|u < 1, the CFL condition is satisfied. However, as mentioneda¥athis condition
is not sufficient to guarantee stability. To investigatésity, let us use the Fourier method.
Settinge = €% e, we then have

eiﬂxi eatn+1 _ eiﬂxi eOItn + %aﬂ(eiﬂXiJrleatn _ eiﬂxifleatﬂ) — O,
which reduces to
ek — 1+ lauE —e M =0,

Some algebra then yields
e = 1 —iau sin(gh).

It is clear thatje?X| > 1 (with equality only whengh is an integer multiple ofr). Thus the
method is not stable even though it satisfies the CFL comditio
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89 An upwind scheme

A three point method which is stable is topwindscheme in which a backward difference is
used ifa is positive and a forward difference whans negative. This method is given by

. o VI1.13
g yin - aﬂ(yin - yin_]_), if a> 0. ( )

1 { y' —au(yl, -y, ifa<o0;
If ais not a constant, but a function efandt, we need to specify in (V1.13) the point at which
ais to be evaluated. Atthe moment let us assume that wa@set,). The CFL condition is
satisfied whenalu < 1. For thea > 0 case, it may be shown that the amplification factor is
given by

e =1—au@—e'M,

This leads to
|| = 1 — dau(1 — ap) sirP(Bh/2).

This quantity is not more than 1 when®au < 1, the same condition as the CFL condition.
Whena < 0, the stability condition becomés|u < 1.

The upwind scheme of (VI1.13) may be rewritten as

| @—awy +auy,, fa>0.

This has the following interpretation. In the diagram on iext page for the case > 0, the
characteristic through the poipt= (x;, th+1) meets the lingé = t, at the pointx, which by the
CFL condition must lie between the poifit= (x;_1, ty) and the poink = (X, ty). Recalling
that the exact solution along this characteristic is constee see thai(«x) = u(y). If we know
an approximation at all the points on the line- t,, we can interpolate the value of«) and
use it to obtain the approximatiqri‘i‘“. If we use linear interpolation, then we have

n

)
Y A u@ 2 Y+ ol - ).

wheres is the distance on the= t, line from g8 to «. Whena is a constant, the slope of the
characteristic line is /la. It then follows from the diagram on the next page that

We then obtaid = h — ak so thats/h = 1 — au, and hence

YAy + A —anof -y ) = A —awy’ +auy! 4,
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that is, the approximation of the upwind schemea i$ not a constant, but varies smoothly, we
would still expect a good approximation.

Interpretation of the upwind scheme

n+1

v
x

810 The Lax-Wendroff method

In the previous section we showed that the upwind schemel dmuinterpreted as a method in
which the approximations at tinte= t,, 1 are obtained from appropriate approximations at time
t =ty by linear interpolation. One might expect that one coulcgobbetter approximations by
using quadratic interpolation instead. This leads to theWendroff method. The quadratic
interpolation is carried out at the poings «, andv of the diagram above. Such a derivation
yields the method

yin+1 _ %au(]_ + aM)yin—l +(1- azuz)yin — %apb(l — au)yi”H, (VI1.14)

where we have assumed tfaais a constant. The usual Fourier method shows that the amplifi
cation factor is
e’ = 1 —jau sin(Bh) — 2a%u2 sirf(Bh/2).

After separating the real and imaginary parts and doing stgebra, we obtain
|€%|% = 1 — 482, %(1 — a2u?) s’ (Bh/2).

Thus the method is stable|d|u < 1, the same requirement as the CFL condition.

Suppose now that is not a constant, but a function efandt. Then the analogous method is
obtained by first writing

u(X, t +K) = u(x, t) + ko (x, t) + 3k2u (x, t) + O(k3). (V1.15)
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Since the PDE isly + auy = 0 or

U = —auy,
we haveuir = —ajuy — auy; anduix = (—auy)x. Thus
Uit = —agUy + a(auy)x.

The expression fou; and this last expression fog; may then be substituted into (VI1.15). By
approximating each of thesederivatives by central differences, we obtain

n n n n
yin—{—l — yin — ka(x, tn) y|+12hyl_l _ %kzat (X, tn) yH—l2h Yica
ax +h/2,t) (' — ¥ —ai —h/2,t) (' =y
h2 '
If ais a constant, thea;(xj,t,) = 0. Some algebra then shows that the resulting method
is identical to the method given in (VI.14). The method maysimplified by replacing
a(xi, th) + (K/2)a (X, th) by a(xi, th +k/2).

+ 3kPa(xi, tn)

811 The Lax-Wendroff method for conservation forms
In practical situations, one often obtains the PDE

ou of(u)
— =0. VI1.16
ot + aX ( )

If we takeb = b(u) = f,, then we may write (VI.16) as the hyperbolic equatiprt+ buy = 0.
Rather than using the Lax-Wendroff method for this latteragpn, it is convenient to derive the
Lax-Wendroff method directly for the conservation form (M8) (a reason for calling (VI1.16)
the ‘conservation form’ will be given later). The functidndoes not involvex or t implicitly,
but is a function ofu only. An example of such an equation is (IV.9), the limitingse of
Burgers’ equation for inviscid flow.

Now we haveu; = — fy and

Uit = — fxt = — fix = —(fox = —(fulpx = —(bu)x = (bfy)x.
The derivation of the previous section then yields the netho

Fayl ) — FOp
1 1 1
yin+ — yin _ k 1+ 2h |
1,2 fuW2) (FOD — FOM) — fuyLy) (FOM = L)
+3 h2
As expected, this reduces to (VI.14) whéfu) = au, wherea is a constant. The method may
be rewritten as

yi““ = yi“ - %IL [(1 - Mfu(yin+1/2))( f (yin+1) - f(yin))
+ (14 nfu ) (FOD = FO)].
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wherey. = k/h. In this method we see that we need to evaluatg;’ ; ,) and fu(y ;). To
calculate these two quantities, it is usual to set

Yit12 = SO + Yy

One of the great strengths of the Lax-Wendroff method isithzn be extended quite easily
to systems of equations. Thus in (VI1.16), we can replaead f with vectorsu andf. This
results in the system

ou  af(u)

at  ax

Such systems arise in the theory of fluid flow when the equatidmotion, continuity, and of
energy are combined into one conservation equati@n@f will each have three components).
Hence the reason why (VI.16) is called the conservation fofirhe corresponding equation
ut + buy = 0, whereb = f, then becomes the hyperbolic system

0.

au Ju
— +B— =0,
ot + ax
whereB is the Jacobian matrix.

We shall not consider the details of the Lax-Wendroff metfuwgystems, but just mention that
the wave equationys = «?Uyxy may be solved by such a method since it may be written as the
first-order equations

Ut + avy = 0 andvt + auyx = 0.

This may be expressed as the system

L] = o) e[+ 2 5] = (o)
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Part VIl — Weighed residual methods

81 Some material in analysis

In the last Part, we considered finite difference methodshickvthe partial derivatives have
been approximated by finite difference formulas. In thist,Pae shall consider methods in
which the solution is approximated directly by suitablyasbn approximating functions. The
general principles of the methods that we consider may leepted in a fairly simple manner,
but details for specific problems can require quite a sojghistd analysis.

We first present some ideas in analysis that we shall needlloW generality, let us assume
that we wish to solve

Lu=g,

whereg is a known functionu is to be found, and. is a linear differential operator. Normally
there are some constraints ofirom boundary and/or initial conditions. Since the methads
shall be considering tend to be applied to elliptic problgmisich are time independent), we
shall assume that the constraints are boundary conditMestemark that for time-dependent
problems (such as parabolic and hyperbolic equations)mgitrods discussed here could be
applied in the space variables to yields systems of ordidéigrential equations.

Example 1.1.An example of a linear differential operator is
3% 92
=—+ —. Vil.1
PVl 3y2 ( )
ThenLu = O is just Laplace’s equation. X
The idea is to approximateby uy such that the residudluy — g is small in some sense.

LetU be avector space of functions which contair@d which satisfy any boundary conditions.
For the spacé)J we can define amner product(-, -), which has the following properties
(f, f1, fo € U)Z

(@) (afq, f2) = (f1, afr) = a(fq, f2) for all scalarsy;

(b) (f1+ f2, f) = (f1, f) + (f2, F), (f, f1 4+ f2) = (f, f1) + (f, f2);

(€) (f1, f2) = (f2, f1);

(d) (f, f) >0forall f € U,and(f, f) =0ifanyonlyif f is the zero function.

It may be shown that
1= V(f, )

has the properties of a norm. W contains functions defined over some dom@inthen an
example of an inner product is

(f1, f2) = fQ f1(x) f2(x) dx.
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A u satisfyingLu = g and the appropriate boundary conditions is known ascthssical
solution A weak solutioru is one which satisfies

(Lu—g,w)=0forallw € U.

One may think of these as weight functions. This last equation is the weak form ef th
differential equation. By using integration by parts (ogtér dimensional analogues), it is
possible to lower the differentiability requirements oe thieak solution. For instance, lif is
the differential operator given in (VII.1), then the clasdisolutionu will need to have two
partial derivatives irx andy. However, a weak solution needs to have only one derivative i
x andy. To see this, suppose we wish to solve Laplace’s equatiom®mmit square with
boundary conditiong(0, y) = u(1, y) = u(x,0) = u(x, 1) = 0. Then

1 p1 1 1 1
/ /[Uxx+Uyy]dedy:/ [uxw|x;0—/ uxwxdx] dy
o Jo 0 0
1 1 1
+/ |:Uyw|§;o—/ UyU)ydy:| dX
0 0
1,1 1 p1
:—/ / uxwxdxdy—/ / uywy dy dx = 0,
o Jo o Jo

where we have used integration by parts in the first step amdbdkndary conditions in the
second. Note that in the final form, we requiréo have only first derivatives in andy. So
though the classical solution is always a solution of thekifeem, a weak solution may not be
a classical solution and may not even be differentiable!

82 Weighted residual methods

Suppose we wish to solveu = g. Then(Lu—g,w) = Oforallw € U. LetUy be a
N-dimensional subspace 0f. In weighted residual methods, we fing € Uy, such that

(Luny —g,vN) =0 forall vy € Vn,
whereVy is another approximating subspacehflLet 1, ..., ¥ be a basis foWy. Writing

UN = C1¢1 + C2¢2 + - - - + CNON,
we obtain the equations
N

D Wi Lej)g = (9. ¥i), 1<i<N.

=1

(The functionsp; are usually calledrial functionsand they; are usually calledest functiong

We wish to choosé&Jy andVy such that the above equations have a solution sadtaxists.
Moreover, we wantiy to be a better approximation &sincreases.
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Different methods result from different choicesyf.
(@) If ¥ = ¢, then we obtain the classical Galerkin (or Bubnov-Galérkiethod.
(b) If ¥i # ¢i, then the resulting method is known as the Petrov-Galerldthod.

(c) If Xq, X2, ..., XN areN points in the domain of interest, another choice is to take) =
3(X — X;), wheres(x — x;) is the Dirac delta function. Then the equations become

N
Y (Lp(xidg =gx), 1<i=<n.
j=1

This method is more commonly known as twlocation method
(d) If ¥i = Ly, then the resulting method is the least squares method.

(e) Subdomain methods arise when the domain is dividedNhspibdomains;, and they;
are given by

" = 1 inside;,
"7 10 outside®;.

83 An introduction to spectral methods and orthogonal polynanials

In finite element methods, the trial functions are local sthdonctions (typically polynomials
of fixed degree which are nonzero only on certain subdomdiis®) 0By contrast, in spectral
methods, the trial functions are taken to be global smoatietfans. Typically these include
Fourier series (for periodic problems) and orthogonal poiyials (for non-periodic problems).

Commonly used orthogonal polynomials are the Legendrenpoiyals and the Chebyshev
polynomials of the first kind. The Legendre polynomials axeg by

Po(x) = 1, Pi(x) = X, P2(x) = 2(3x? — 1),

and
(M+ 1D Pni1(X) = 2m+ )X BPr(X) — mBy_1(X), xe[-1,1].

They are orthogonal o1, 1] with respect to the weight function 1. We have

1 .
/ Pm(X) Pa(x) dx = { %, m i 2
-1 :

2m+1°
These Legendre polynomials satisfy the Sturm-Liouvillaagepn

i ((1 - xz)d&) +m(m+ 1)Pn(x) =0.
dx dx

64



The Chebyshev polynomials of the first kiffgh(x) = cogmcos t(x)), m = 0, 1,..., are
orthogonal on {1, 1] with respect to the weight functiory4/1 — x2. We have

1 0, m#n;
[ Md{ min=o
-1 v1-x 7/2, m=n>0.

We see thalp(x) = 1 andTy(X) = x. These polynomials satisfy the recurrence relation
Tn1(X) = 2XTm(X) — Tp—1(X), m=> 1.
With 6 = cos 1(x), this follows from:
Tm+1(X) + Tm—1(X) = co((M + 1)6) 4+ cog(Mm — 1)0) = 2 cogh) cogmb) = 2X T (X).
HenceT,(x) = 2x2 — 1 etc.
Moreover, these Chebyshev polynomials satisfy the simgitlarm-Liouville equation
2
d—c)'( (\/1 X2 d;(m> + \/%Tm(x) _o.

More properties of these Chebyshev polynomials are givéimemext theorem.

Theorem VII.1. The Chebyshev polynomials, have the following properties:

(@) T is a polynomial of degrem with leading coefficien2™1 and is an even function when
m is even, and an odd function whamis odd;

(b) the roots offy, are given by
2 +1
Xi :cos( + n), 0<i<m-1;
2m

(€) Tm(£1) = (£1)™ and hence max |Tm(x)| = 1.
xe[—1,1]

Proof. Part (a) follows by induction, while for part (b) we have

2i +1 2i +1
Tm(X) = co9dm cos‘l(xi)) = cos(m 2; n) = cos( ;r n) =0.

Now for x = 1, we haveTy (1) = cogmcos 1(1)) = cog0) = 1 while forx = —1, we have
Tm(=1) = cogmcos 1(—1)) = cogmn) = (-=1)™. Hence [mftf] ITm(X)| = 1. Thus part
xXe[—1,

(c) is proved. O

In some texts there is a distinction between Galerkin methodwhich the trial functions
individually satisfy the boundary conditions and tau-neoethiin which most of the test functions
are the same as the trial functions, but the trial functianeat satisfy the boundary conditions.
Other texts define tau-methods to be methods in which theuastions are the Chebyshev
polynomials and the inner product is taken to be the one lysaasociated with Chebyshev
polynomials.

Most spectral methods are classifiedragrpolatingor non-interpolating The former corre-
sponds to a collocation method in which the approximatidis®as the PDE at certain points.
They are sometimes known @aseudo-spectramethods, but be aware that some texts use
“pseudo-spectral” in a different sense. The other typeespond to Galerkin-type methods.
These latter methods are harder to implement because aftdggals that need to be evaluated.
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