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The conductor of a rational integer is the product of the primes which divide
it. The lower k’th root is the largest k’th power divisor, and the upper k’th
root the smallest k’th power multiple. This paper examines the relationships
between these arithmetic functions and their Dirichlet series. It is shown that
the conductor is the limit of the upper k’th roots in two different ways as k
tends to infinity. The average order of the functions is derived.

Key Words: Integer square root, integer k’th root, Dirichlet series

MSC2000 11A05, 11A25, 11M06, 11N37, 11N56.

1. INTRODUCTION

The integer conductor is N(n) = len
the integer lower k’th root be defined by

pr(n) = H pl*

p*|n

p. For each whole number k let

and the integer upper k’th root by

o) = I ot
p|ln

The properties of these two k’th root function families, and their close rela-
tionships to the conductor, are studied in this paper For example in Section
5, the sequence of Dirichlet series for the k’th root tends pointwise and in
an appropriate space of Dirichlet series to the series for the conductor, as
k — oo. More fundamentally N(n) = p*(n) for k > k,,.

In Section 2 a list of elementary properties of the functions is listed.
When used in the paper they are referenced by their property number.
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In Section 3 the Dirichlet series for the lower k’th root is shown to have a
closed form as a rational function of zeta function values. This is not so for
the upper root which has a more complicated series, each term involving a
(finite) product. A closed form is also obtained including a product of zeta
functions and an Euler product of order k.

In Section 4 the average order of the roots is investigated. Again for
the lower roots pg(n) the asymptotic order is readily determined to be
C(k —1)/¢(k) for k > 2 and logn/((2) for k = 2. For the upper root,
the k = 2 case is determined directly (with average order z((3)/2((2)),
with the cases k > 2 determined using results on the asymptotic order of
Tu(z) == > ,<, N(un) as a function of (square free) v and the limiting
value of a certain partial sum function Ag(x).

The function T}, is shown to have an interesting looking property. For
each square free positive integer u:

S pT(F) = u Y pdTu(3)
dlu d|u

2. PROPERTIES OF THE FUCTIONS

Below we state (without proof except for (15)) some properties of the
k’th root and conductor functions:
(1) N(a)N(b) = N(ab)N((a b)) where (a,b) is the ged of a and b.

(2) The functions py and p* are multiplicative for all k > 1.

(3) N(n)|n and there exists an [ for which n|N(n)!. If d|n and n|d' then
N(n)ld.

(4) The equation n = ab® with a k-free holds if and only if b = py(n).

(5) The equation an = b* with a k-free holds if and only if b = p¥(n).

(6) If b*|n and if whenever ck|n then ¢|b then necessarily b = pk (n).

(7) If n|b* and if whenever n|c¥ then b|c then necessarily b = p*(n).

(8) For all k > 1 prr1(n)lpr(n), o5+ (n)]p*(n), and pi(n)|p*(n).

(9) If n = ab® and cn = d* with a and ¢ k-free, then ac = m* where m
is square free, being the product of the primes in n which do not appear
to the k’th power.

(10) For all k > 1, p*(n) = N(a)pr(n), where n = ab* and a is k-free.

(11) For all k > 1, n¥ < p¥(n) <n and 1 < pi(n) < n¥.

(12) For all n there exists a k,, such that N(n) = p*(n) for all k > k,.

(13) For all n and k > 1 there exists an m such that

(14) For all k£ > 1, Nn(ln)|pk(n)

(15) For all m, py o -+ 0 py = pam.
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Proof of (15): Note that for all o > 1,

5] a

2] = (5]
0 p2 © p2 = p4. The property follows by induction replacing o by .
m

’ > m
(16) For all m, p®o---0p* = p*".
(17) More generally, for all k > 2 and m € N,

m

N m
k k_ k™ /_/%_
pro--opt=p" and ppo---o0pg=pym.

3. DIRICHLET SERIES AND EULER PRODUCTS

For integral k > 1 define the following Dirichlet series based on the lower
and upper square roots:

ou(s) = 30 20 ghgy = 3 20

n=1 n=1
The trivial case has ¢1(s) = ¢'(s) = ((s — 1).

In [3] the case k = 2 was studied leading to the forms:
¢(2s = 1)¢(s) ((2s —1)¢(s = 1)
((2s) (25 —2)

Since N(n) = 34, #*(d)$(d) we have

Pa(s) = o>1,¢%(s) = o>2

> 2 n n
on(s) = () ) O

- o [Ja+ 22
1 1
= C(s)l;[(l— E—l—psﬂ).

This series converges absolutely for o > 2.

THEOREM 3.1. For allk >1 and o >1

_ ((s)¢(ks — 1)
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Proof. By definition

and therefore

where vg(n) =) pr(d)u(=).

Now for each prime power

ve(p*) = pr(P*)i(1) + pi (™ () + 0 = pl ¥ — pl =,
Therefore, if k1 a, v (p*) = 0 whereas if k | & and a > 0,
1

ur(p®) = p* —pF ! =pi(1 - ;)-

Finally v (1) = 1.
From this it follows that if for some prime p with p®||n, k { «, then
vg(n) = 0. Otherwise vg(n) = Hp n P p*(1— 7) In this case n has a k’th

root and we can write vj,(n) = nt ¢( ) where ¢ is Euler’s totient function.
If we define wg(n) = 1 if n has a k’th root and 0 otherwise, then

o), (n)

nk
. n N 7

mk

mke

SN
Z_

- Z mks+k 1

and the given formula for ¢ (s) follows directly. |

Note that the result also holds for £k = 1 but in the range o > 2. Note
also that the formula gives an analytic continuation of the function defined
by the lower k’th root Dirichlet series to meromorphic functions on C.
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THEOREM 3.2. Foro > 2

#) = ks~ DT - 5+ =5 = )
> u(n)2g(n 1 1
= SO0
n= pln

Proof. To derive the first expression let v¥(n) = 2 dn pF (d)p(%)

and o = kB + 1 with 3 = 0,1,..., then v*(p®) = p%(pf 1), and if
kta —1 then v¥(p®) = 0. Therefore

(s < (o 1)
qw = L0+ 2 e

p

- ];[(1+(p2;1)§)p(k511)g)

_ 1;[(1+(pp_81)~1;31)

- <<ks—1)1;[(1—pk§1 L)

= o=l 5o+ s = )

and the first expression for ¢*(s) follows.
Ifforall p | n, k | @ — 1 we have

o*(n) = Hp“%a—%w(n)

pln
- (i) 2w

—~
S
~—
e
|
=
<
—~~
~—
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o*(s) i N?n % ¢(n)

n=1

wr(n/N(n))
(O Ep(abh) k
Z Z ks (using n = ab")
a squaxeﬁee N(b)\a
Z i bb=FbE p(a)
C asbks
a squdrgfru_ N(b)\a

= Z ¢ bks 1

a aqu'wefree N(b)\a

O | (=

pla

a squarefree

and the expression given in the second part of the theorem statement fol-

lows directly from this. |

4. PARTIAL SUMS OF THE DIRICHLET SERIES

THEOREM 4.1. Let Ry(z) = 3_, <, pr(n). Then

¢(k—1)

2 1
Ri(w) = 25—+ O(at) for k> 2 and Ry(x) = ot

¢(2)

+ O(z).
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Proof. Let k> 2 bein N and let Qi(z) = #{n < x| n is k-free}. Then

5] Qr(z) = 7 + O(z*). Then

Ri(z) = Z Z ri(n)

dk <z pr(n)=d
- n<x

Z d#{n <z |ri(n) =d}

1<d<zk
= > ko(;*k)
1<d<z®
- X g o)
1<d<zk
T 1 )
= (k) +O(z*%) (1)
“ )1Sdgw% -
T 21/k)1=(k=1) )
_ m[C(/c—1)+ (1—214—1) +O(xk1—1)] + o)
_ ((k—1) % B .
= T e oW ok
B qZénw+omQ

Rofa) = o Y 14 0(@)

= zigjlesa +7+ 0]+ 0
- S 0w

PROPOSITION 4.1. The partial sums of the upper k’th root are given by
k P
n<lx n<zx

where d(n,k, o) = #{d | 1 < d < mn,d|n,d is k-free,d > a}. for a > 0 and
k> 2.
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Proof. We rearrange the sum as follows:

Sem = Y Y

n<x 1<b<z pk(n)=b

n<z
= Z b#{n < z | there exists k-free a with an = b*}
1<b<z
k
n
= Z nd(n®*, k, —).
T
1<n<z
|
EXAMPLE 4.1. A nice formula can be obtained for the trivial case of

the restricted divisor function which appears in Proposition 4.1, namely:
d(n* k1) = k*™

where w(n) is the number of distinct prime factors dividing n. To see this

note that if n has m = w(n) and the prime factorization n = []/", p*

where each o; > 1, then ko; > k, so any divisor d of n* which is k-free,

will have the form d = [];-, p% where for each i, 0 < 3; < k. Conversely

each such d is k-free. The formula follows directly from these observations.
In case k = 2, d(n?,2,a) = d(n,2, ).

LEMMA 4.1. The partial sums of the upper k’th root are given by

Zpk(n): Z nNk(%) where Ny (z) = Z N(n).

n<x n<x

1
1<n<zk n is k-free
Proof. We rearrange the sum as follows:

Z pF(n) = Z N(a)pr(n) where n = ab®, a k-free

n<z n<lz

Z bz N(a)

1 _r_
1<b<zhk  “SyF

a k-free

2: nA&(g%)

1
1<n<zk

If a is a positive integer and > 0 define T, (z) = >, ., <, N(an). Then

[4] Ty(z) = §2* + O(2%/?) where a =[], (1 - m),
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LEMMA 4.2.
Ne(@) = Y. wld)Ta()

1<d<azl/k
Proof.

Nk(l‘>

| Il
U5
s = =
= xv 2
=
1 =
=
g

1§d§x% a<z/dF
x
= Z M(d)Td(ﬁ)
1<d<ak

LEMMA 4.3. For every prime integer p and square free u with (u,p) = 1:

Ty(z) = %Tupm (1 %)Tu )

Proof.
Top(z) = Z N (upn) + Z N (upn)
e T
= ZN(un) +pZN(U”)
s i
= > N(upm) +p[Tu(z) = > N(un)]
m<z/p iy

pln

= Tup(%) +p[Tu(z) = Ty (%)]

and the result follows directly on rearranging this formula. |

By setting w = 1 in the above Lemma we obtain:

COROLLARY 4.1. For every prime integer p:

Ty(x) = %Tpu) (- %)Tp@).
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ExAMPLE 4.2. Let p and ¢ be distinct primes. Then
x

T
qu(a:) = qu(;) "‘qu(q)_qu(
To see this write

Tpg(w) = D> N(pan)+ Y _ N(pgn)— > N(pgn)+ > N(pgn)

n<a n<z n<z n<x
pln qln pln.qln ptn,qtn

}Tq) +pq[T(z) _TP(E) —Tq(5)+qu(]7q

).
and simplify.

THEOREM 4.2. Let the integer u be square free. Then for all x > 1:

S HdTL() = ud ] pd)Ta(3)
d|u d|u

Proof. Express u as the product of distinct primes, u = pips...Pm.
Expand T, (x):

Torp (@) = Y N(p1...pmn)

n<z
= ZZN(pl...pmn)— Z Z N(py...pmn)+...
pi nsT Piy <Pigy n<a
piln Piy In,Pig 7

+ Z N(pl'”pmn)

n<w
p1tn,..., pPmin

ZZN(pil'l;;pmn)— oy NPy

Pi Di
p; ns= Piy <Pigy n<z 102
piln Pi1|”vpi2|”

n<x
p1in,....pmin

N~ > T+

Pi bi Piy <Piy Piy Piz
i1l N - XY N+
n<x Pi "S‘z

This enables us to write

Tu(z) = ZTu(i)f Y T )+...+u[T1(x)fZTi(]%)+...

Piy <Piy PirPiz
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and the formula follows from this after bringing the terms without the
factor u onto the left hand side and using the fact that w is square free. |

THEOREM 4.3. If there exists a function B(u) such that for all square
free u, T, (z) ~ §B8(u)z? as x — oo, then

P
o =11 P +p—1)
plu
Proof. By Corollary 4.1,
1 1
Ti(e) = Ty@) + (1= ()
2 _ Lozt 2y gty Ll
Hence a® = pﬂ(?)x +(1 p)ﬁ(P)(pg) =z 5(19)[p +( p)pQ]
_ P
Therefore [S(p) = po—

Now assume the expression for ( is true when u is the product of n
distinct primes u = p; ...py,, and consider the square free number up,, 1.
Let p = pp+1. By Lemma 4.3,

Tu(@) = ~Tup(@) + (1= )T ()
TPl 1 B(up)
Therefore }_[1 P —— = pﬂ( p) + (1 p) 2
Hence B(up) = (H 3 b ) P )

Sepitpi—17pP+p—1

and the formula given in the statement of the theorem follows by induc-

tion on n. |

THEOREM 4.4. For each fixed square free u € N,

as x — oo, where B(u) is defined in the previous theorem.
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Proof. First note, using property (1), that N(un)/u is multiplicative in
n. Therefore

1 N(up) = N(up?)
Y :1;[(1+ upsp upf: +e)
L0 ) < [T+ 2 2
plu ptu
1 H (1- %+ =9
_ 1_ 21, p P
1;[( pS) (= 57 + pslfl)
1
TN —— ~on(s)
Hence

=, N(un p
> =11 G-I: Ly on(s)
n=1 plu p® P

This Dirichlet Series has a simple pole at s = 2 with residue

H (l—iﬁ li_{%(s —2)¢n(s)

plu P

which is just

() Tim (s — 26 (s).
It follows, for example from [9], given that the leading term for the partial
sums zn<m N(n) is $a?, that the leading term for the sums > n<a N(un)
is §0(u)z? I

For each positive integer k and real x > 1 define the partial sum function
_ " 4(n)B(n)
)=
n<lz
Below an asymptotic expression for the partial sums of the upper k’th

roots is derived in terms of Ay and then an expression for A as an infinite
product.

THEOREM 4.5. The leading asymptotic order of the partial sums of the
upper square roots are gz’ven by'

> oM C(2k — 1) Agp (1 *)2?

n<zx
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Proof.
Z pF(n) = Z nNk( ) by Lemma 4.1
n<z 1<n<zl/k

= Z n Z w(d)Ty( (dfl)k) by Lemma 4.2

1<n<zl/k  1<d<zl/k/n

~ %xQ - S where the sum S is given by
1 1(d)
1<n<zl/k 1<d<zl/k/n
_ Z 1 ) H(d)ﬂ(d)
- n2h—1 £2k
nd<zl/k

Note that we can set 3(d) = 0 here if d is not square free.
Now let F(z) =, ., n'~?* and apply partial summation [1] to get

p(n)B(n) . at/*
Z n2k F( n )
ngwl/k
By [1] we can write
21k pE—2 pE—2
F(T) ZC(%—U—W‘FO( %)

Note that if we let 3(n) be the completely multiplicative extension of [,
then it is easy to derive the bounds

n(4/5)%" < B(n) < n

where (n) is the total number of prime factors of n. Also

ZM |<Zﬁ Ol/k)

ngzl/’“ n<xl/k
and
p(n 5
|y My s Olog ).
n<l1/k n<11/k
Therefore
2
% S = —x 20(2k — 1) Agi (2MF) + O(a¥* log z) + O(2*/%)

and the formula given in the theorem statement follows. |

THEOREM 4.6. Ifk >3

Ag(z) = H (1- k_l(p21 — 1)) +o(1).

p<z p
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Proof. This is a straight forward application of the theorem of Lucht
[8]. Define a multiplicative arithmetical function f by f(n) = B(n)n'=*.
Then, for all primes p

1
pF=4(p? +p—1)

so for k > 2 we have 0 < f(p) < 1.
Consider the summation, for k > 2,

f(p)logp log p 1 1
Zi_z F3(p2 £ p— 1) <[§F<ZW<°@

p<z p p<z p n<x

f(p) =

For these values of k the hypothesis of Lucht’s theorem is satisfied, i.e.

T f (p)plogp ~ o(log )

p<z

1
Hence  Aufae) = J[ (1= Sy

)) +o(1).

p<z

COROLLARY 4.2. The limit lim,_,o, Ax(x) = oy exists as a finite real
number for every k € N.

COROLLARY 4.3. The partial sums of the upper k’th roots are given by:

Z pF(n) ~ %C(2k — 1Dagpr?.

n<z

In case kK = 2 we are able to derive the asymptotic order of the error of
the partial sums of the upper square roots:

THEOREM 4.7.
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Proof. First we derive an asymptotic expression for No(z):

Ny(x) = > N(n)

n<x
n is square-free

- > oon

n<z
n is square-free

= an,ud

n<z d?|n

= Zu(d)d2 Z m
d</z m<z/d?
X

- @& 511 5]+1)

= > <d>d2< +0(1))?
d<v@

:%QZu(d f—&—O Z‘M

d<vz d<v'@

G Z e e

A<z

Next this expression is substituted in the second partial sum formula
from the proposition above:

S = Y nNa(o3)

n<z 1<n<\/z
2 3/2
- Z n[n4;<(2) +O(In3 )
1<n<Vz
- S Lioe Y4
2(( )1< <Jz n? 1<nevi ¥
_2%(3) 3
5(2) +O(z2)

The asymptotic order for the partial sums of the upper k’th roots are all
it appears very close approximations to the partial sums for the conductor,
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a well studied problem, [4, 11]. Indeed, even the (upper) square root,
appears to lead to a good approximation for this sum. By x = 400 the
relative difference is less than 4%.

Finally, if we define a subsequence Dirichlet series ¢y, corresponding
to that of the conductor N(n), but summing only over k-free integers, we
obtain an interesting relationship with the Dirichlet series of the upper k’th
root:

o =y AW

n=1,n is k-free

H(l_i_&sp)_;’_..._t'_]\](pik_l))

S P ps(k—l)
P 1 1
= H(1+E[1+E+"'+W])
p

1— —L
p S(k—1)

Pl

I
—
=
J’_
|

P p®
1 1 1
=d®gﬁ+ﬁq—g—g;ﬂ
k
= C((Zs(i)l) by Theorem 3.2.

5. LIMIT RELATIONSHIPS

PROPOSITION 5.1. For all s with o > 2:
lim 9*(s) = g (s)

uniformly on each half plane with o > o¢ > 2.

Proof. Let og > 2 and € > 0 be given. Then there is an N, such that
ZC;VOH n'=7 < ¢/2 for all N > N, and o > 0¢. Hence

o0

k(n . N(n N k(n) — N(n
Sy Sy ¢yt et 2T

N féﬁﬁ@+ i:ﬁgf

n=1+N, n=1+N,
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By property (12) we can chose ko > 2 so that p¥(n) = N(n) for all k > kg
and for all n with 1 < n < N.. For these k

DL SR LIEED S
n=1 n n=1 n 14+ N,

so the limit result follows directly. |

Let Gz be the semigroup of positive integers and let Dir(Gz) be the
Banach space of all functions represented by convergent Dirichlet series

flo =y 0

ns

on some half plane o > 0 with norm ||f|| = 1/ < f > where < f > is
min{j | f# () # 0} or || f|| = 0 if f is the zero Dirichlet series,[7].

Then if * represents Dirichlet multiplication, || f * g|| < |/ fl/llg]| and
Dir(Gz) is a Banach algebra which is an integral domain.

PROPOSITION 5.2. In Dir(Gyz), ¢* — ¢n.

Proof. This is immediate, since given N there is a ko such that p*(n) =
én(n) for 1 <n < N and all k > kg. This means < p* —¢y >> N+1. |
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