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1. INTRODUCTION

The integer conductor is N(n) =
∏

p|n p. For each whole number k let
the integer lower k’th root be defined by

ρk(n) =
∏

pα||n
pb

α
k c

and the integer upper k’th root by

ρk(n) =
∏

pα||n
pd

α
k e

The properties of these two k’th root function families, and their close rela-
tionships to the conductor, are studied in this paper For example in Section
5, the sequence of Dirichlet series for the k’th root tends pointwise and in
an appropriate space of Dirichlet series to the series for the conductor, as
k →∞. More fundamentally N(n) = ρk(n) for k ≥ kn.

In Section 2 a list of elementary properties of the functions is listed.
When used in the paper they are referenced by their property number.
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2 BROUGHAN

In Section 3 the Dirichlet series for the lower k’th root is shown to have a
closed form as a rational function of zeta function values. This is not so for
the upper root which has a more complicated series, each term involving a
(finite) product. A closed form is also obtained including a product of zeta
functions and an Euler product of order k.

In Section 4 the average order of the roots is investigated. Again for
the lower roots ρk(n) the asymptotic order is readily determined to be
ζ(k − 1)/ζ(k) for k > 2 and log n/ζ(2) for k = 2. For the upper root,
the k = 2 case is determined directly (with average order xζ(3)/2ζ(2)),
with the cases k > 2 determined using results on the asymptotic order of
Tu(x) :=

∑
n≤x N(un) as a function of (square free) u and the limiting

value of a certain partial sum function Ak(x).
The function Tu is shown to have an interesting looking property. For

each square free positive integer u:∑

d|u
µ(d)Tu(

x

d
) = u

∑

d|u
µ(d)Td(

x

d
).

2. PROPERTIES OF THE FUCTIONS

Below we state (without proof except for (15)) some properties of the
k’th root and conductor functions:

(1) N(a)N(b) = N(ab)N((a, b)) where (a, b) is the gcd of a and b.
(2) The functions ρk and ρk are multiplicative for all k ≥ 1.
(3) N(n)|n and there exists an l for which n|N(n)l. If d|n and n|dl then

N(n)|d.
(4) The equation n = abk with a k-free holds if and only if b = ρk(n).
(5) The equation an = bk with a k-free holds if and only if b = ρk(n).
(6) If bk|n and if whenever ck|n then c|b then necessarily b = ρk(n).
(7) If n|bk and if whenever n|ck then b|c then necessarily b = ρk(n).
(8) For all k ≥ 1 ρk+1(n)|ρk(n), ρk+1(n)|ρk(n), and ρk(n)|ρk(n).
(9) If n = abk and cn = dk with a and c k-free, then ac = mk where m

is square free, being the product of the primes in n which do not appear
to the k’th power.

(10) For all k ≥ 1, ρk(n) = N(a)ρk(n), where n = abk and a is k-free.
(11) For all k ≥ 1, n

1
k ≤ ρk(n) ≤ n and 1 ≤ ρk(n) ≤ n

1
k .

(12) For all n there exists a kn such that N(n) = ρk(n) for all k ≥ kn.
(13) For all n and k ≥ 1 there exists an m such that

N(n) =

m︷ ︸︸ ︷
ρk ◦ · · · ◦ ρk(n).

(14) For all k ≥ 1, N(n)|ρk(n).

(15) For all m,
m︷ ︸︸ ︷

ρ2 ◦ · · · ◦ ρ2 = ρ2m .
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Proof of (15): Note that for all α ≥ 1,

bb
α
2 c
2
c = bα

4
c

so ρ2 ◦ ρ2 = ρ4. The property follows by induction replacing α by α
2m−1 .

(16) For all m,

m︷ ︸︸ ︷
ρ2 ◦ · · · ◦ ρ2 = ρ2m

.
(17) More generally, for all k ≥ 2 and m ∈ N,

m︷ ︸︸ ︷
ρk ◦ · · · ◦ ρk = ρkm

and
m︷ ︸︸ ︷

ρk ◦ · · · ◦ ρk = ρkm .

3. DIRICHLET SERIES AND EULER PRODUCTS

For integral k ≥ 1 define the following Dirichlet series based on the lower
and upper square roots:

φk(s) =
∞∑

n=1

ρk(n)
ns

, φk(s) =
∞∑

n=1

ρk(n)
ns

The trivial case has φ1(s) = φ1(s) = ζ(s− 1).
In [3] the case k = 2 was studied leading to the forms:

φ2(s) =
ζ(2s− 1)ζ(s)

ζ(2s)
σ > 1, φ2(s) =

ζ(2s− 1)ζ(s− 1)
ζ(2s− 2)

σ > 2

Since N(n) =
∑

d|n µ2(d)φ(d) we have

φN (s) = ζ(s)
∞∑

n=1

µ2(n)φ(n)
ns

= ζ(s)
∏
p

(1 +
φ(p)
ps

)

= ζ(s)
∏
p

(
1− 1

ps
+

1
ps−1

)
.

This series converges absolutely for σ > 2.

Theorem 3.1. For all k > 1 and σ > 1

φk(s) =
ζ(s)ζ(ks− 1)

ζ(ks)
.
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Proof. By definition

φk(s) =
∞∑

n=1

ρk(n)
ns

φk(s)
ζ(s)

=
∞∑

n=1

vk(n)
ns

and therefore

vk(n) =
∑

d|n
ρk(d)µ(

n

d
).where

Now for each prime power

vk(pα) = ρk(pα)µ(1) + ρk(pα−1)µ(p) + 0 = pb
α
k c − pb

α−1
k c.

Therefore, if k - α, vk(pα) = 0 whereas if k | α and α > 0,

vk(pα) = p
α
k − p

α
k−1 = p

α
k (1− 1

p
).

Finally vk(1) = 1.
From this it follows that if for some prime p with pα‖n, k - α, then

vk(n) = 0. Otherwise vk(n) =
∏

pα‖n p
α
k (1 − 1

p ). In this case n has a k’th

root and we can write vk(n) = n
1
k

φ(n)
n where φ is Euler’s totient function.

If we define ωk(n) = 1 if n has a k’th root and 0 otherwise, then

φk(s)
ζ(s)

=
∞∑

n=1

n
1
k

φ(n)
n ωk(n)
ns

=
∞∑

m=1

mφ(mk)/mk

mks

=
∞∑

m=1

mkφ(m)/m

mks+k−1

=
∞∑

m=1

φ(m)
mks

=
ζ(ks− 1)

ζ(ks)

and the given formula for φk(s) follows directly.

Note that the result also holds for k = 1 but in the range σ > 2. Note
also that the formula gives an analytic continuation of the function defined
by the lower k’th root Dirichlet series to meromorphic functions on C.
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Theorem 3.2. For σ > 2

φk(s) = ζ(s)ζ(ks− 1)
∏
p

(1− 1
ps

+
1

ps−1
− 1

psk−1
)

=
∞∑

n=1

µ(n)2φ(n)
ns

∏

p|n
(1− 1

pks−1
)−1.

Proof. To derive the first expression let vk(n) =
∑

d|n ρk(d)µ(n
d ).

and α = kβ + 1 with β = 0, 1, . . . , then vk(pα) = p
α−1

k (p − 1), and if
k - α− 1 then vk(pα) = 0. Therefore

φk(s)
ζ(s)

=
∏
p

(
1 +

∞∑

β=0

pβ(p− 1)
p(kβ+1)s

)

=
∏
p

(
1 +

(p− 1)
ps

∞∑

β=0

1
p(ks−1)β

)

=
∏
p

(
1 +

(p− 1)
ps

· 1
1− 1

pks−1

)

= ζ(ks− 1)
∏
p

(
1− 1

pks−1
+

p− 1
ps

)

= ζ(ks− 1)
∏
p

(
1− 1

ps
+

1
ps−1

− 1
pks−1

)

and the first expression for φk(s) follows.
If for all p | n, k | α− 1 we have

vk(n) =
∏

pα‖n
p

α−1
k (1− 1

p
)N(n)

=
( n

N(n)
) 1

k φ(n)
n

N(n)

=
( n

N(n)
) 1

k−1
φ(n).
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Hence

φk(s)
ζ(s)

=
∞∑

n=1

(
n

N(n)

) 1
k−1

φ(n)

ns
ωk(n/N(n))

=
∞∑

a=1
a squarefree

∞∑
b=1

N(b)|a

(bk)
1
k−1φ(abk)
asbks

(using n = abk)

=
∞∑

a=1
a squarefree

∞∑
b=1

N(b)|a

bb−kbkφ(a)
asbks

=
∞∑

a=1
a squarefree

φ(a)
as

∞∑
b=1

N(b)|a

1
bks−1

=
∞∑

a=1
a squarefree

φ(a)
as

∏

p|a

(
1− 1

pks−1

)−1

and the expression given in the second part of the theorem statement fol-
lows directly from this.

4. PARTIAL SUMS OF THE DIRICHLET SERIES

Theorem 4.1. Let Rk(x) =
∑

n≤x ρk(n). Then

Rk(x) =
ζ(k − 1)

ζ(k)
x + O(x

2
k ) for k > 2 and R2(x) =

x log x

ζ(2)
+ O(x).
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Proof. Let k > 2 be in N and let Qk(x) = #{n ≤ x | n is k-free}. Then
[5] Qk(x) = x

ζ(k) + O(x
1
k ). Then

Rk(x) =
∑

dk≤x

∑
ρk(n)=d

n≤x

rk(n)

=
∑

1≤d≤x
1
k

d#{n ≤ x | rk(n) = d}

=
∑

1≤d≤x
1
k

dQk(
x

dk
)

=
∑

1≤d≤x
1
k

d
[ x

dkζ(k)
+ O(

x
1
k

d
)
]

=
x

ζ(k)

∑

1≤d≤x
1
k

1
dk−1

+ O(x
2
k ) (1)

=
x

ζ(k)
[
ζ(k − 1) +

(x1/k)1−(k−1)

1− (k − 1)
+ O(

1
xk−1

)
]
+ O(x

2
k )

=
ζ(k − 1)

ζ(k)
x +

x
2
k

(2− k)ζ(k)
+ O(x2−k) + O(x

2
k )

=
ζ(k − 1)

ζ(k)
x + O(x

2
k ).

If k = 2, we start the derivation at line (1) above:

R2(x) =
x

ζ(2)

∑

1≤x≤√x

1
n

+ O(x)

=
x

ζ(2)
[log x + γ + O(

1
x

)] + O(x)

=
x log x

ζ(2)
+ O(x)

Proposition 4.1. The partial sums of the upper k’th root are given by

∑

n≤x

ρk(n) =
∑

n≤x

nd(nk, k,
nk

x
)

where d(n, k, α) = #{d | 1 ≤ d ≤ n, d|n, d is k-free, d ≥ α}. for α ≥ 0 and
k ≥ 2.
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Proof. We rearrange the sum as follows:
∑

n≤x

ρk(n) =
∑

1≤b≤x

∑

ρk(n)=b
n≤x

b

=
∑

1≤b≤x

b#{n ≤ x | there exists k-free a with an = bk}

=
∑

1≤n≤x

nd(nk, k,
nk

x
).

Example 4.1. A nice formula can be obtained for the trivial case of
the restricted divisor function which appears in Proposition 4.1, namely:

d(nk, k, 1) = kω(n)

where ω(n) is the number of distinct prime factors dividing n. To see this
note that if n has m = ω(n) and the prime factorization n =

∏m
i=1 pαi

where each αi ≥ 1, then kαi ≥ k, so any divisor d of nk which is k-free,
will have the form d =

∏m
i=1 pβi where for each i, 0 ≤ βi < k. Conversely

each such d is k-free. The formula follows directly from these observations.
In case k = 2, d(n2, 2, α) = d(n, 2, α).

Lemma 4.1. The partial sums of the upper k’th root are given by∑

n≤x

ρk(n) =
∑

1≤n≤x
1
k

nNk(
x

nk
) where Nk(x) =

∑
n≤x

n is k-free

N(n).

Proof. We rearrange the sum as follows:
∑

n≤x

ρk(n) =
∑

n≤x

N(a)ρk(n) where n = abk, a k-free

=
∑

1≤b≤x
1
k

b
∑

a≤ x
bk

a k-free

N(a)

=
∑

1≤n≤x
1
k

nNk(
x

nk
).

If a is a positive integer and x > 0 define Ta(x) =
∑

1≤n≤x N(an). Then
[4] T1(x) = α

2 x2 + O(x3/2) where α =
∏

p(1− 1
p(p+1) ).
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Lemma 4.2.

Nk(x) =
∑

1≤d≤x1/k

µ(d)Td(
x

dk
)

Proof.

Nk(x) =
∑
n≤x

n k-free

N(n)

=
∑

n≤x

N(n)
∑

dk|n
µ(d)

=
∑

1≤d≤x
1
k

µ(d)
∑

a≤x/dk

N(ad)

=
∑

1≤d≤x
1
k

µ(d)Td(
x

dk
)

Lemma 4.3. For every prime integer p and square free u with (u, p) = 1:

Tu(x) =
1
p
Tup(x) + (1− 1

p
)Tup(

x

p
)

Proof.

Tup(x) =
∑
n≤x
p|n

N(upn) +
∑
n≤x
p-n

N(upn)

=
∑
n≤x
p|n

N(un) + p
∑
n≤x
p-n

N(un)

=
∑

m≤x/p

N(upm) + p[Tu(x)−
∑
n≤x
p|n

N(un)]

= Tup(
x

p
) + p[Tu(x)− Tup(

x

p
)]

and the result follows directly on rearranging this formula.

By setting u = 1 in the above Lemma we obtain:

Corollary 4.1. For every prime integer p:

T1(x) =
1
p
Tp(x) + (1− 1

p
)Tp(

x

p
).



10 BROUGHAN

Example 4.2. Let p and q be distinct primes. Then

Tpq(x) = Tpq(
x

p
)+Tpq(

x

q
)−Tpq(

x

pq
)+pq[T1(x)−Tp(

x

p
)−Tq(

x

q
)+Tpq(

x

pq
).

To see this write

Tpq(x) =
∑
n≤x
p|n

N(pqn) +
∑
n≤x
q|n

N(pqn)−
∑
n≤x

p|n,q|n

N(pqn) +
∑
n≤x

p-n,q-n

N(pqn)

and simplify.

Theorem 4.2. Let the integer u be square free. Then for all x ≥ 1:∑

d|u
µ(d)Tu(

x

d
) = u

∑

d|u
µ(d)Td(

x

d
)

Proof. Express u as the product of distinct primes, u = p1p2 . . . pm.
Expand Tu(x):

Tp1...pm(x) =
∑

n≤x

N(p1 . . . pmn)

=
∑
pi

∑
n≤x
pi|n

N(p1 . . . pmn)−
∑

pi1<pi2

∑
n≤x

pi1
|n,pi2

|n

N(p1 . . . pmn) + . . .

+
∑
n≤x

p1-n,...,pm-n

N(p1 . . . pmn)

=
∑
pi

∑
n≤x
pi|n

N(
p1 . . . pm

pi
n)−

∑
pi1<pi2

∑
n≤x

pi1
|n,pi2

|n

N(
p1 . . . pm

pi1pi2

n) + . . .

+p1 . . . pm

∑
n≤x

p1-n,...,pm-n

N(n)

=
∑
pi

Tu(
x

pi
)−

∑
pi1<pi2

Tu(
x

pi1pi2

) + . . .

+p1 . . . pm[
∑

n≤x

N(n)−
∑
pi

∑
n≤x
pi|n

N(n) + . . . ]

This enables us to write

Tu(x) =
∑
pi

Tu(
x

pi
)−

∑
pi1<pi2

Tu(
x

pi1pi2

) + · · ·+ u[T1(x)−
∑
pi

Tpi(
x

pi
) + . . . ]
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and the formula follows from this after bringing the terms without the
factor u onto the left hand side and using the fact that u is square free.

Theorem 4.3. If there exists a function β(u) such that for all square
free u, Tu(x) ∼ α

2 β(u)x2 as x →∞, then

β(u) =
∏

p|u

p3

(p2 + p− 1)

Proof. By Corollary 4.1,

T1(x) =
1
p
Tp(x) + (1− 1

p
)Tp(

x

p
)

x2 =
1
p
β(p)x2 + (1− 1

p
)β(p)(

x2

p2
) = x2β(p)[

1
p

+ (1− 1
p
)

1
p2

]Hence

β(p) =
p3

p2 + p− 1
.Therefore

Now assume the expression for β is true when u is the product of n
distinct primes u = p1 . . . pn, and consider the square free number upn+1.
Let p = pn+1. By Lemma 4.3,

Tu(x) =
1
p
Tup(x) + (1− 1

p
)Tup(

x

p
)

n∏

i=1

p3
i

p2
i + pi − 1

=
1
p
β(up) + (1− 1

p
)
β(up)

p2
Therefore

β(up) = (
n∏

i=1

p3
i

p2
i + pi − 1

)(
p3

p2 + p− 1
)Hence

and the formula given in the statement of the theorem follows by induc-

tion on n.

Theorem 4.4. For each fixed square free u ∈ N,

Tu(x) ∼ α

2
β(u)x2

as x →∞, where β(u) is defined in the previous theorem.
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Proof. First note, using property (1), that N(un)/u is multiplicative in
n. Therefore

1
u
·
∞∑

n=1

N(un)
ns

=
∏
p

(
1 +

N(up)
ups

+
N(up2)
up2s

+ · · · )

=
∏

p|u

(
1 +

u

ups
+

u

up2s
+ · · · )×

∏

p-u

(
1 +

up

ups
+

up

up2s
+ · · · )

=
∏
p

(1− 1
ps

)−1 ·
∏

p(1− 1
ps + 1

ps−1 )
∏

p|u(1− 1
ps + 1

ps−1 )

=
1∏

p|u(1− 1
ps + 1

ps−1 )
· φN (s).

Hence
∞∑

n=1

N(un)
ns

=
∏

p|u

p

(1− 1
ps + 1

ps−1 )
· φN (s)

This Dirichlet Series has a simple pole at s = 2 with residue

∏

p|u

p

(1− 1
p2 + 1

p )
lim
s→2

(s− 2)φN (s)

which is just

β(u) lim
s→2

(s− 2)φN (s).

It follows, for example from [9], given that the leading term for the partial
sums

∑
n≤x N(n) is α

2 x2, that the leading term for the sums
∑

n≤x N(un)

is α
2 β(u)x2.

For each positive integer k and real x ≥ 1 define the partial sum function

Ak(x) =
∑

n≤x

µ(n)β(n)
nk

.

Below an asymptotic expression for the partial sums of the upper k’th
roots is derived in terms of Ak and then an expression for Ak as an infinite
product.

Theorem 4.5. The leading asymptotic order of the partial sums of the
upper square roots are given by:∑

n≤x

ρk(n) ∼ α

2
ζ(2k − 1)A2k(x1/k)x2
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Proof.

∑

n≤x

ρk(n) =
∑

1≤n≤x1/k

nNk(
x

nk
) by Lemma 4.1

=
∑

1≤n≤x1/k

n
∑

1≤d≤x1/k/n

µ(d)Td(
x

(dn)k
) by Lemma 4.2

∼ α

2
x2 · S where the sum S is given by

S =
∑

1≤n≤x1/k

1
n2k−1

∑

1≤d≤x1/k/n

µ(d)
d2k

β(d) Theorem 4.4

=
∑

nd≤x1/k

1
n2k−1

· µ(d)β(d)
d2k

.

Note that we can set β(d) = 0 here if d is not square free.
Now let F (x) =

∑
n≤x n1−2k and apply partial summation [1] to get

S =
∑

n≤x1/k

µ(n)β(n)
n2k

F (
x1/k

n
)

By [1] we can write

F (
x1/k

n
) = ζ(2k − 1)− x

2
k−2

n2−2k(2k − 2)
+ O(

x
1
k−2

n1−2k
)

Note that if we let β(n) be the completely multiplicative extension of β,
then it is easy to derive the bounds

n(4/5)Ω(n) ≤ β(n) ≤ n

where Ω(n) is the total number of prime factors of n. Also
∣∣ ∑

n≤x1/k

µ(n)β(n)
n

∣∣ ≤
∑

n≤x1/k

β(n)
n

= O(x1/k)

and
∣∣ ∑

n≤x1/k

µ(n)β(n)
n2

∣∣ ≤
∑

n≤x1/k

β(n)
n2

= O(log x).

Therefore
αx2

2
· S =

α

2
x2ζ(2k − 1)A2k(x1/k) + O(x2/k log x) + O(x2/k)

and the formula given in the theorem statement follows.

Theorem 4.6. If k ≥ 3

Ak(x) =
∏

p≤x

(
1− 1

pk−1(p2 + p− 1)
)

+ o(1).
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Proof. This is a straight forward application of the theorem of Lucht
[8]. Define a multiplicative arithmetical function f by f(n) = β(n)n1−k.
Then, for all primes p

f(p) =
1

pk−4(p2 + p− 1)

so for k ≥ 2 we have 0 < f(p) < 1.
Consider the summation, for k > 2,

∑

p≤x

f(p) log p

p
=

∑

p≤x

log p

pk−3(p2 + p− 1)
<

∑

p≤x

1
pk−2

<
∑

n≤x

1
nk−2

< ∞.

For these values of k the hypothesis of Lucht’s theorem is satisfied, i.e.

∑

p≤x

f(p) log p

p
= o(log x)

Ak(x) =
∏

p≤x

(
1− 1

pk−1(p2 + p− 1)
)

+ o(1).Hence

Corollary 4.2. The limit limx→∞Ak(x) = αk exists as a finite real
number for every k ∈ N.

Corollary 4.3. The partial sums of the upper k’th roots are given by:
∑

n≤x

ρk(n) ∼ α

2
ζ(2k − 1)α2kx2.

In case k = 2 we are able to derive the asymptotic order of the error of
the partial sums of the upper square roots:

Theorem 4.7.

∑

n≤x

ρ2(n) =
x2ζ(3)
2ζ(2)

+ O(x
3
2 )
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Proof. First we derive an asymptotic expression for N2(x):

N2(x) =
∑
n≤x

n is square-free

N(n)

=
∑
n≤x

n is square-free

n

=
∑

n≤x

n
∑

d2|n
µ(d)

=
∑

d≤√x

µ(d)d2
∑

m≤x/d2

m

=
∑

d≤√x

µ(d)d2b x

d2
c(b x

d2
c+ 1)

=
∑

d≤√x

µ(d)d2(
x

d2
+ O(1))2

=
x2

2

∑

d≤√x

µ(d)d2 · 1
d4

+ O(x
∑

d≤√x

|µ(d)|d2

d2
)

=
x2

2

∑

d≤√x

µ(d)
d2

+ O(x
3
2 )

=
x2

2ζ(2)
+ O(x

3
2 )

Next this expression is substituted in the second partial sum formula
from the proposition above:

∑

n≤x

ρ2(n) =
∑

1≤n≤√x

nN2(
x

n2
)

=
∑

1≤n≤√x

n[
x2

n42ζ(2)
+ O(

x3/2

n3
)

=
x2

2ζ(2)

∑

1≤n≤√x

1
n3

+ O(x3/2
∑

1≤n≤√x

1
n2

)

=
x2ζ(3)
2ζ(2)

+ O(x
3
2 ).

The asymptotic order for the partial sums of the upper k’th roots are all
it appears very close approximations to the partial sums for the conductor,
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a well studied problem, [4, 11]. Indeed, even the (upper) square root,
appears to lead to a good approximation for this sum. By x = 400 the
relative difference is less than 4%.

Finally, if we define a subsequence Dirichlet series φNk
corresponding

to that of the conductor N(n), but summing only over k-free integers, we
obtain an interesting relationship with the Dirichlet series of the upper k’th
root:

φNk
(s) =

∞∑

n=1,n is k-free

N(n)
ns

=
∏
p

(
1 +

N(p)
ps

+ · · ·+ N(pk−1)
ps(k−1)

)

=
∏
p

(
1 +

p

ps
[1 +

1
ps

+ · · ·+ 1
ps(k−2)

]
)

=
∏
p

(
1 +

p

ps
·
1− 1

ps(k−1)

1− 1
ps

)

= ζ(s)
∏
p

(
1 +

1
ps−1

− 1
ps
− 1

pks−1

)

=
φk(s)

ζ(ks− 1)
by Theorem 3.2.

5. LIMIT RELATIONSHIPS

Proposition 5.1. For all s with σ > 2:
lim

k→∞
φk(s) = φN (s)

uniformly on each half plane with σ ≥ σ0 > 2.

Proof. Let σ0 > 2 and ε > 0 be given. Then there is an Nε such that∑∞
N+1 n1−σ < ε/2 for all N ≥ Nε and σ ≥ σ0. Hence

∣∣
∞∑

n=1

ρk(n)
ns

−
∞∑

n=1

N(n)
ns

∣∣ 6
∣∣

Nε∑
n=1

ρk(n)−N(n)
ns

∣∣

+
∞∑

n=1+Nε

ρk(n)
nσ

+
∞∑

n=1+Nε

N(n)
nσ

.
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By property (12) we can chose k0 ≥ 2 so that ρk(n) = N(n) for all k ≥ k0

and for all n with 1 ≤ n ≤ Nε. For these k

∣∣
∞∑

n=1

ρk(n)
ns

−
∞∑

n=1

N(n)
ns

∣∣ 6 2
∞∑

1+Nε

< ε

so the limit result follows directly.

Let GZ be the semigroup of positive integers and let Dir(GZ) be the
Banach space of all functions represented by convergent Dirichlet series

f(s) =
∞∑

n=1

f#(n)
ns

on some half plane σ > 0 with norm ‖f‖ = 1/ < f > where < f > is
min{j | f#(j) 6= 0} or ‖f‖ = 0 if f is the zero Dirichlet series,[7].

Then if ∗ represents Dirichlet multiplication, ‖f ∗ g‖ ≤ ‖f‖‖g‖ and
Dir(GZ) is a Banach algebra which is an integral domain.

Proposition 5.2. In Dir(GZ), φk → φN .

Proof. This is immediate, since given N there is a k0 such that ρk(n) =
φN (n) for 1 ≤ n ≤ N and all k ≥ k0. This means < ρk −φN >> N + 1.
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