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Abstract

A program which computes the Casimir partial differential operators for the generalized upper half
plane h” = GL(n,R)/O(n,R) x R* is described. The output from this program for small values of
the dimension n and order m and eigenvalues for the operators acting on the “power function” I, are
also given. In dimension 3 the relationship between Bump’s forms for the operators and the operators
computed here is found to be Ay = Ay 3/2, Ay = A3 3/3 — Ag 3/2 provided that a small amendment is
made to the exponent of one factor in one term.

1. Introduction

The upper half plane h” is a generalization of the complex upper half plane h?. Automorphic forms on
h™ for SL(n,Z) and its subgroups are generalizations of modular forms for SL(2,Z) and its subgroups.
The automorphic functions are eigenfunctions of all operators in the center of the real algebra of partial
differential operators on h™ with real polynomial coefficients. This algebra is generated by the so-
called Casimir operators defined below. They are generalizations of the hyperbolic Laplacian A =

y*(dy.2 + 9y4). Thus the Casimir operators have a central role in studies of forms on h" .

There are no essential difficulties in deriving these operators. However the natural coordinates on
h™ come from the Iwasawa form for matrices in GL(n,R), so as the dimension and order increase,
“heroic” algebraic manipulation is required and errors are easy to make. Because of this a number
of programs are provided in the Mathematica package GL(n)pack [1] for deriving and applying the
operators. There are examples in the literature of operators which, at least on the surface, differ from
those given by the program. For example Aj 3 the third order operator in dimension 3 as given in [2,
page 34] is different. So the purpose of this paper is (a) to show explicitly how the operators are derived,
(b) to list expressions for the operators for small values of the dimension and order, (¢) to show how
the size of the operators grows with the dimension, (d) to validate the operators and (e) to compute
their eigenvalues when acting on the power function as defined below. In addition some observations are

made concerning the qualitative properties of the operators and eigenvalues.

First some standard definitions. The real general linear and orthogonal groups are GL(n,R) and
O(n,R) respectively. The subgroup of diagonal matrices with non-zero constant value is R*. Each
g € GL(n,R) can be expressed uniquely as g = z.y.0.d, the so-called Iwasawa form, where x is uppper

triangular unipotent, y is positive diagonal with 1 in the bottom entry, o orthogonal and d is in R*.



Then O(n,R) x R* acts on the right on GL(n,R) by matrix multiplication and we set

h" = GL(n,R)/O(n,R) x R*

From the Iwasawa form we can express each element of h™ as the matrix x.y. It is convenient to use
the coordinates yi, - - - ,y,—1 for the matrix y where the 1,1 entry is y; - - - yn—1, the (4, i)th IS Y1 Yn—i
so the (n—1,n—1)™ is y;. These n — 1 variables (y;), together with the n(n — 1)/2 variables (i)
from the above diagonal terms of the unipotent matrix x, constitute the so-called Iwasawa coordinates
for h™ .

If f: GL(n,R) — C is a smooth (i.e. C°°) function and « € gl(n,R) is a real n x n matrix let

D.f(g) := %f(g.exp(ta))h:o.

It follows that if aq,--- , a,, are matrices the composite operator can be written

0 0

oot (g-(id +tran) -~ (id + tmam))|t,=0 -+ |¢,,=0-

D, o~~-oDamf(g)

If e; ; is the n x n matrix with 1 in the (i,j)th position and 0 elsewhere write D; ;j := D,, ;. Then the

Casimir operator for dimension n and order m is the summation

n n
Amn:=Y > Diio---0Di .

=1  im=1

Note that there are m.n™ operators in this sum - e.g. for n = 4, m = 4 this is over 1000, already beyond

hand calculation.

All this is straight forward. The complexity in any computation of the Casimir operators comes from
the fact that the functions f are defined on h™, so the variables are the Iwasawa coordinates, rather than
those inherited from GL(n,R).

2. The program

This is a direct model of the definition. Indeed it is hard to see how else the operators might be derived.
The Mathematica code set out below is a clarified and simplified form of that included in the GL(n)pack
package [1]. The function calls UpperTriangular, IwasawaForm, IwasawaX Variables, IwasawaY Variables
are self explanatory. The functions IntegerDigits, Expand, Module and Simplify are from Mathematica.
There are two steps. First the indices (i1, - ,%,;,) are computed. Then the operators, for each index

m-tuple, are computed and added to the existing operator.

GetCasimirOperator[m_, n_, x_, y_, fun_] :=
Module[{op = O, term, is},



Do[(is = ZeroPad[Reverse[IntegerDigits[i, n]], m] + 1;

term = OneCasimir[n, is, x, y, fun];

op = Expand[op + term]), {i, 0, n°m - 1}];
Return[Simplify[op, Assumptions->Table[y[i]>0, {i,1,n-1}]1]1]1]

OneCasimir[n_, is_, x_, y_, f_]1 :=
Module[{X, Y, e = 1, M, m = Length[is], t, Mij, Id, xvars, yvars, i, term, A},
X = UpperTriangular([n, x];
Y = Table[If[i == j, 1, 0], {i, 1, n}, {j, 1, n}];
Do[{e = exy[i]l, Y[[n - i, n - i]] = e}, {i, 1, n - 13}];
Id = Table[If[i == j, 1, 0], {i, 1, n}, {j, 1, n}];
Mij = Table[O0, {i, 1, n}, {j, 1, n}];
M = Id;
Do[(Mij = Id;
Mij[[Part[is, i], Partl[is, i + 1]]] =
t[i] + Mij[[Part[is, i], Part[is, i + 1]11];
M=MMij), {i, 1, m - 1}];
Mij = Id;
Mij[[Part[is, m], Part[is, 1]1]] = Mij[[Part([is, m], Part[is, 11]1] + t[m];
M = M.Mij;
A

IwasawaForm[X.Y.M];

xvars=IwasawaXVariables[A]; yvars=IwasawaYVariables[A];
fun = Apply[f, Join[xvars,yvars]];

Do[ fun = D[fun, t[i]], {i, 1, m}];

term=fun;

Do[term=term /.t[i]->0, {i,1,m}];

Return[term]]

ZeroPad[x_, m_] :=
If[Length[x] >= m, x, Join[x, Table[O, {i, 1, m - Length[x]}]1]]

3. The operators

First some notation: For dimension n = 2 we use y := y; and x := 1,2 so

X
ey = (g 1)

is the generic element representing = + iy € h2. For Az, and Ay, the multi-index symbol 9 is used

defined as et
Hname) — o °
- ni 79

8561,2 e y3

reflecting the lexical ordering (1,2, 21,3, 1,4, 2.3, T2.4, T34, Y1, Y2, Y3) of the Iwasawa variables.



The operators given below are a selection based on the twin criteria size and computation time, given
the author’s rather standard contemporary workstation and the restrictions on space and time afforded
by the interpreted Mathematica. However, this sample is regarded as sufficiently extensive to provide
exact expressions for operators with small dimension and order and to enable qualitative properties of

their form to be induced. Some of these properties are given.
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A374 = Al + A2 where:
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Observe that for n = 2 each coefficient is in Z[y] with highest degree 2[%] which is also the order of

the operator so the order d of the derivatives in each term satisfies 2 < d < 2[F].



For n > 2 the order of the derivatives satisfies 2 < d < m with the order of the operator being m.
It is more difficult to determine any pattern for the degree of the coefficients from this limited data set,
since in case n = 3 is m + 2 and in n = 4, m + 4. The number of monomial terms in a selection of the

operators for those that could be computed is given in the table below:

m:n |23 4

2 218 20
3 2|16 70
4 7277 | 294
5 712 ?

4. Eigenvalues

If forn>2,v=(v1, - ,vn—1) is a vector of complex parameters and z € GL(n,R) with Iwasawa form

.y let
Y n—1ln—1
bi v
IV(Z) = H H yl Vi
i=1 j=1

where b; ; =45 if i +j <n and (n —i)(n — j) otherwise. This is the so-called power function. Then for

all elements of the group W of n x n permutation matrices w, and all Casimir operators of dimension n,
DI, (w.z) = Apl,(w.2).

In other words the I, (w.z) are eigenfunctions with the same eigenvalue. Below are some examples of

power functions and eigenvalues as computed by the GL(n)pack program.

n=2 — I(z)=y

n=3 — L/(Z) _ y1V1+21/2 y§V1+V2

_ _ ,v1+2v2+3vs, 2v1+4va+2v3 ) 3vi+2v2+u3
n=4 — IL,(z)=y Ya Y3



In[1]:= G= Wyl Goup[3]
Qut[1]= {{{1, O, 0}, (O, 1, O}, {O, O, 233}, {{2, O, O3, {0, O, 13, {0, 1, O},
{{o, 1, 03, {1, O, O}, {O, O, 133}, {{O, 1, O}, {O, O, 13, {1, O, O},
{{o, o, 13, {1, o0, O}, {O, 1, O}}, {{O, O, 13, {O, 2, O}, {1, O, O}}}
In[2]:= z =MakezZMatrix[3, "x", "y"]
Qut[2]= {{y[l]ly[2], x[1, 2]y[1], x[1, 3]}, {O, y[1], x[2, 3]}, {0, O, 1}}
In[3]:= Do[Print [Factor [Appl yCasim rOperator[3, a=I|Fun[{vl, v2}, G[[i]].z], z]/a]ll,
{i, 1, 6}]
3(1+v1l-v2) (-2+2v1+v2) (v1+2vVv2)
3 (1+v1l-v2) (-2+2v1+v2) (v1+2V2)
3(1l+vl-v2) (-2+2v1+v2) (V1+2v2)
3(1+vl-v2) (-2+2v1+v2) (v1+2vVv2)
3 (1+v1l-v2) (-2+2v1+v2) (v1+2v2)
3(1l+vl-v2) (-2+2v1+v2) (V1+2v2)
Figure 1: Validating the operator Az 3.
Ao = 2v1(1—wp)
Az = 2v1(1—wvq)
A2 = 2(vi—Dvi(1—v + v?)
Aog = 6(@% + v1v9 +v§ — V1 — V2)
A3z = 3(ve —v1 +1)(2u1 + va — 2)(v1 + 2v2)
A3 = 3(—21}14—2012—61)13+6v14—8U2+171}102—150121124—12013112
+  20wp% — 33 vy vo? + 18012 v — 18053 + 1201 023 + 6vp?)
Aog = 40312 +4v® +4vg (=14+v3) +3 (=1 +v3)v3 +v1 (=3 +4vg +2v3))

/\3,4 = 4(6’013+8U22+31}12(—1+4’U2+21}3)+U1(—3—|—2U2+4U3—61}32)
— 3u3(3—5v3+2v3%) — 2wy (4 — Tz + 6v3?))

Mg = 421" +16v" + 3200 (=1 4 v3) + 201 (=9 + 28 vy + 14 v3)
+ 8v2% (4 —9v3 +9v3?) +3v3 (=9 + 24 vz — 22v3% + Tws®)
+ 8uy (=24 1003 — 18032 + Tvs®) + v1 (—3 + 32v2° 4+ 8v3 (2 — 3v3)* + 40 v3 — T8 v3>
+ 28033 +24wp% (=3 +2v3)) + 6012 (12022 + 5 (—1 + v3) v3
+ 4wvg (—2+3v3)))
Observe that each eigenvalue is in Z[vy,- - ,v,—1], that the degree 9\, , = m for n > 2 and that

n | Amn for all n > 2. Observe also that these eigenvalues can be obtained by setting all partial



Qut[149] =
—yR2 £ (000020 1) 5 X153, X2,3, Y1, Y2l +
y1y22 £ (00012 %) 5 X153, X2,3, Y1, Y2l +
y12 £ ©0020 %) 5 X153, X2,3, Y1, Y2I -
Y12y, £ 0021 %) 5 X153, X2,3, Y1, Y2l +
y12 £ 00200 %, 5 X153, X2,3, Y1, Y2I -
Y12y £ 00201 %) 5 X135, X2,3, Y1, Y2l +
2y12 X, fF O L1001y 50 X13, X2,3, Y1, Y2l -
2y12yo xg, o F @10 x5, X3, X2,3, Y1, Y2l +
Y12 (Y22 +X1,22) £ (©2000 %) 5 X153, X2,3, Y1, Y2l +
Y12 Y2 (Y22 - X1, 2%) £ (@200 1) 5 X313, X2,3, Y1, Y2l -
y13yp2 £ (02010 %) 5 X153, X2,3, Y1, Y2l +
2y,2y,2 f BLL00 1y 5 Xa 3, X2,3, Vi, Yol +
2y12yo2 xg, o F 12000 1% 5, X3, X2,3, Y1, Y2l -
yp2 £ (200000 %) 5 X153, X2,3, Y1, VoI +
y1yp2 f 20010 %) 5 X153, X2,3, Y1, Y2l

Figure 2: The amended form of Bump’s operator As.

derivatives with respect to the variables x; ; to zero in the operators A, ,, equivalent to starting from

the subset of h™ with & = id in the Iwasawa form.

5. Comparison with Bump’s operator

Since reference [2, page 34] contained the same expression for the first operator in dimension 3 (his
Ay = Ay 3/2), but a different, but similar, expression for the operator Ag 3, the GL(n)pack operator was
tested using the 6 elements of the appropriate group W and found to return the same eigenvalue as A3 3
given above. This is the stringent test suggested by Dorian Goldfeld. A transcript of the corresponding

Mathematica session is set out in Figure 1.

The relationship between the second operators in dimension 3 is observed to be
AQ = A373/3 — A273/2

provided that the term nyygxgﬁng is replaced by nyygzgﬁ;g so Bump’s {A1, As}, with this
3 3
amendment, still generate the center. (Note that the variable correspondence is 12 — 2,213 —

x3, %23 — ¢1.) The Mathematica form of Ay used is set out in Figure 2.

Because of the importance of this operator a detailed examination of the discrepancy was carried

out. Before simplification six terms in the Casimir operator As 3 had coefficients y7y5z> multiplying the
3

operator ﬁ and no other coefficients appeared. These terms corresponded to the matrix multipliers
3

(see Section 1 and the matrix M in the Mathematica program):

1 0 ts3 1 ts3 0 1 to tots
to 1 to + t3 , | tite 1 +titats t1 ], 10 1 t3 ,
tity t1 1+ 1t1tats 12 tots 1 t1 tita 1+ titats
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L+ titots tits 1 1 tots to L+ titats t1 tits
t3 1 01, |t1 14titats tita ], tots 1t
tots ta 1 0 t3 1 t3 0 1
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