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1. INTRODUCTION

The square free decomposition of a polynomial over a finite field is a
very useful tool in computer algebra. It lies at the base of algorithms for
complete polynomial factorization into inrreducibles in that (a) it can be
found easily using the derivative and greatest common divisor of polyno-
mials, and (b) the commonly used Berlekamp algorithm, for factorization
of a polynomial over a field with a prime number of elements, applies only
to polynomials which are square free. For details see [7] or [8].

By contrast the square free decomposition of an integer is not so well
known. In this paper integer upper and lower roots are used to derive a
square free decomposition of any positive integer, which can be written in
a unique manner.

These integer square roots are multiplicative. They have been used to
study the class number of a quadratic field [1], the asymptotic order of the
square free part of n! [2], generalized to k’th roots [3] and used to derive
consequences from weakened ABC conjectures [4].

If the standard factorization into primes of the positive integer n > 1 is
given by

m
_ (7]
n= Hpj
j=1

then the lower integer square root is defined by

Since for all integers o > 0,

(0%

5

!

@ = LgJ +
it follows that n = r(n).R(n). Continue with this process of decomposition,
applying it to r(n) and R(n) until no new factors are found. For example,

after two iterations the decomposition is

n = R(R(n)).r(R(n)).R(r(n)).r(r(n)).
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This is illustrated with the example, n = pg?r2s°t"u® where p,q,r,s,t,u

are distinct primes. In the tree below, the two branches descending from a
node m are r(m) on the left and R(m) on the right:

n = pg?r2sitTud

qr52t3u4 pqrs3t4u4

stu? qr5t2u2 st2u? pqrszt2u2
//%\ ///\\ ///\\ ///A\\

u  stu ty  grstu tu o stu sty pgrstu

2. SQUARE FREE FACTORS OF A RATIONAL INTEGER
Let n € N and let

m
n=]]d7
j=1
be the factorization of n produced by iterating the decomposition n =

R(n).r(n) until no new factors and found and then collecting like factors.

LEMMA 2.1. Fach a; is square free.

Proof. If n is not square free then n = a?b with a # 1 and b square free
and n = r(n).R(n) = a.(ab) is a non trivial factorization. If n is square free
then n = 1.N(n) so no new factors are formed. The result follows by induc-

tion on iterations. |

LEMMA 2.2. Ifp,q € P are such that ord,(n) = ordy(n) then p | a; if
and only if q | a; for all .

Proof. 1If ord,(n) = ordy(n) then p | R(n) if and only if ¢ | R(n) and p |
r(n) if and only if ¢ | 7(n) and the result follows by induction on itera-
tions. |

LEMMA 2.3. If the standard prime factorization of n is written
n = p‘lll .. p;’”

with aq > ag > -+ > a; then each a; is the product of an initial segment
of the primes, i.e. for all i there is a j; such that a; =p1---pj,.
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Proof. In the decomposition n — (r(n), R(n)), all primes which occur in
n are also in R(n). Exactly those primes in n which occur to the power 1 are
lost in 7(n). These occur at the bottom of the given ordering of prime fac-
tors. So, again by induction, the primes which are left in a; form an initial

segment of the primes which occur in n. |

LEMMA 2.4. There exists an ordering for the (a;) such that aq | as | - |
o, -

Proof. Since each a; is square free and its factors form an initial segment
of the original primes in n, when written in order of decreasing powers, the

divisibility relationships follow. |

LEMMA 2.5. If the highest power of a prime occurring in the standard
factorization of n is 8 > 2, then the process terminates before log(3)/log(4/3)
iterations.

Proof. At each iteration the highest power of a prime, say ~y, de-
creases to either v/2 if v is even, or (v + 1)/2 if v is odd. In either case

one step reduces the power to less than or equal to 3v/4 for all v > 2. |

3. UNIQUE SQUARE FREE FACTORIZATION

THEOREM 3.1. Ifn € N has a factorization

m
— o
n= H a;
j=1

with the (a;) distinct and square free and aq | as | - -+ | an, then, with these
properties, this factorization is uniquely determined.

Proof. We will construct a proof using induction on m, the number of
distinct square free factors. So let

m l
_ o Bi
I
j=1 i=1

where the (8;) are distinct and square free and by | by | -+ - | b;.
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If = 1 then every prime which divides n does so to the power ;. By
Lemma 2, m = 1 so af* = bfl. Since a; and by are square free we must
have a; = by and a; = 1. Hence if there are two representations and one
has one power the representations are the same.

Now assume the representation is unique for us to m terms for some
m>1,ie. if

m l
oIl -0
j=1 i=1
for some [ € N then | = m, a; = b;,a; = 3; for 1 <i < m. Consider

If I < m we are done (by the inductive hypothesis exchanging the roles
of a; and b;), so assume [ > m + 1.

Then a,,+1 | n and is square free so am41 | G; by Lemma 4. Similarly
bl ‘ Am+1 SO Amp41 = bl.

Now consider a prime p which divides n so that ordy(n) is a maximum.
Since p | a1 and aq | -+ | @1 we have

prten e g

SO a1 + -+ 4+ amy1 = P1+ - + 5. Now consider a prime ¢ which divides
n to the next most maximum power e.t.c. This leads to a set of equations
in the powers (a;), (f;) which may be “solved” in reverse order to obtain
the given implications:

arttamp = bt + 0 = =05

o+t amer = Bot -+ = as =0

= am = bBnm
Am+1 = ﬂm+1+"'+ﬂl~

Therefore we can write

a1 Qm ,@mt1 _ pon Ot Bmt1 Bu
aft - aSmagnit = byt bbb
Let the prime p | a;m41 and p 1 ay,. Then

am41

ordp(amH = Qmy1 = 6’m+1 IS 6l
ordq(bfi‘rll e blﬁl)
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where the prime g { by,.
Hence

Am+t1 _ 1Bm+1 B
m+1 — bm,—i—l e bl

and the result follows from the step m = 1. |

4. POSSIBLE GENERALIZATIONS

First note that the previous arguments can easily be extended to gen-
eral unique factorization domains (UFD’s), including the ring of univariate
polynomials over a field, where the idea of square-free decomposition has
had most attention so far. For algebraic number rings and fields, important
examples need not be UFD’s, e.g. if R = Z[\/&L where d < 0 is a square
free integer [5, 10, 11], unique factorization fails unless

deH={-1,-2,-7,—-11,-19,—43, —67,—163},

the so-called Heegner numbers [12, 13].

More generally than these “quadratic fields” are rings of integers of finite
algebraic extensions of Q which are examples of Dedekind domains: these
are commutative rings which are integral domains, Noetherian (no infinite
ascending chains of ideals), integrally closed, and every non-zero prime ideal
is maximal [6]. In the setting of Dedekind domains, unique factorization
can be rescued, but at the level of ideals and not individual ring elements.
Every ideal I can be expressed uniquely as the product of integer powers
of prime ideals:

— (o3 Xm
I =P pom,

where the (associative) multiplication of ideals A, B is defined by
A.B= {Z riab; i € Ria; € A)b; € B}
i=1
Square-freeness for ideals could be defined using the radical operation on
ideals defined as follows. If I is any ideal then

radI={x € R:x" €1 for some n € N}.

An ideal I is said to be radical if rad I = I. In the ring Z, an ideal I = (m) is
radical if and only if m is square free. Hence the analogy with factorization
of ideals leads to a decomposition

I =A% A%
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where each A, is radical and A | A2 | --- | Ay, and where division of ideals,
in this Dedekind domain setting, can be defined via inclusion: A | B if and
only if B C A. Note that in Dedekind domains an ideal is radical if and
only if it is the intersection of a finite number of prime ideals.

The question of interest is when and how a translation back to elements
of the number field may be made. For example if every radical ideal is
principal we can produce a unique square free decomposition of any element
of Z[\/&], even when unique factorization does not hold. So, more precisely,
are there any values of d < 0, in addition to those in H, in which every prime
ideal is principal, and thus for which a unique square free decomposition
may be derived?

This quest is too hopeful: exploration of the first two values of d for
which unique factorization fails, d = —5 and d = —6, delivers a negative
result:

ZIV=5] : —2+8iVb =22+ iV5)? = (=2 — iV5) (=1 + iV5)?
ZIV=6] : 12 =(-2)(ivV6)? = 3- 2%

where —2—i+/5 in Z[/=5] and —2 in Z[/—6] are square free. (We found
these examples by enumeration: we computed the numbers, the squares,
the products of numbers and squares and then took complements to find
the square free numbers up to a given value of the norm N[m + v/dn] =
m? — dn®. We then examined the products of squares with square free
numbers, up to the given value of the norm, to find duplicates.)

A more individual ring element oriented approach to establishing when
unique square free decompositions exist would be the following: Let R be
an integral domain with 1. We say = € R is square free if y? | z implies
y is a unit in R. Then if x is square free so is every divisor of z. If z is
prime or irreducible then it is square free. In a number field, if the norm
of z (the product of the conjugates of x) is square free then so is x.

If @ and b are in R we say they are a divisor independent pair if
their only common divisor is an associate of 1. Then if a,b are divisor
independent, so is every pair of divisors of a, b respectively.

We say R satisfies condition (A) if whenever a | x and b | = and a,b
are divisor independent, then ab | . We say R satisfies condition (B)
if whenever a,b are divisor independent so is a?,b?>. We say R satisfies
condition (M) if there are no infinite ascending chains of principal ideals.
Finally we say R satisfies (p) if every irreducible element is prime.

Any unique factorization domain satisfies (A), (B) and (M). If d < 0
then Z[/d] satisfies (M). Both (A) and (B) fail in Z[v/—6].

If R satisfies (A), (B) and (M), a unique square free decomposition may
be derived as follows:
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Let z € R be any element and order the proper divisors of = by division,
i.e. a < bif alb. Then if R satisfies (C) and y? is a maximal squared divisor,
then z = x/y? is square free, leading to the square free decomposition
x = y? - z. This process can be iterated, applying it to y e.t.c until we
are left with an element which is itself square free, so the process stops.
The elements of the decomposition can then be rearranged to be consistent
with the form given in Theorem 1. So a square free decomposition exists,
for example, in imaginary quadratic fields.

As for uniqueness, here we use (A) and (B): If z = a?b = 2%y with b,y
square free and not units, then, through eliminating common factors, we
can assume that a,z and b,y are divisor independent. But then 22 | a?b
and a? | a®b and a?, 2% are, by (B), divisor independent, so therefore, by
(A), 2% -a®| a®b so 2% | b. Since b is square free this means x is a unit, so
therefore (a/z)?b = y so a/x is a unit also. Hence a ~ x and b ~ y and the
square free decomposition is unique.

So (A), (B) and (M) are natural conditions which give unique square free
decompositions. However (A) is already very strong, since R is a unique
factorization domain if and only if it satisfies (M) and (p), and, as will be
shown, (A) implies (p):

THEOREM 4.1. If the integral domain R salisfies (A) then every irre-
ducible element is prime.

Proof. Let x be irreducible and z | ab in R. If  and a have a non-unit
common divisor d then it must be an associate of x, in which case x | a. If z ¢
a then (z,a) = 1. But z | ab and a | ab, so by (A), za | ab, and therefore x |

b. Thus « is prime. |

It follows that in the presence of (M), (A) and (p) are equivalent. (In
one sense, (A) is more natural than (p) since it makes no reference to
prime or irreducible elements in the ring.) The central issue remains: find
natural conditions, demonstrably weaker than unique factorization, which
give unique square free decompositions in integral domains.

One can fruitfully broaden this question by first noting that the argu-
ments of the previous section really only depend on the structure of the mul-
tiplicative semigroup of positive integers. Thus the element 23 x 3 x 7° x 113
can be represented as = (3,1,0,5,3,0,0,...) in the countable direct sum
of copies of the naturals with zero. Multiplication of integers then cor-
responds to addition of elements in the direct sum, and upper and lower
square roots can easily be expressed also. In the example, the upper and
lower square roots of x are

R(z) =(2,1,0,3,2,0,0,...) and r(z) = (1,0,0,2,1,0,0,...).
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Note that square-free products are just direct sum elements all of whose
non-zero entries are 1. It is then not hard to show that the square-free
decomposition may be obtained from the direct sum representation as fol-
lows.

e Let y; = C(x) be the direct sum element which has 1 where z is
non-zero and 0 otherwise.

e Let a; be the smallest non-zero entry in x, and let 1 = x — a1 ;.

e Proceeding recursively, for ¢ > 1, let y;41 = C(x;), let «;41 be the
smallest non-zero entry in z;, and let ;41 = &; — Q+1Yi+1-

e Stop when x,, has only zero entries.

It then follows that z = Z?:l a;y; is the unique square-free decomposition
of x for which vy, | yn-1 || v1.

Similar direct sum representations apply in any UFD - each entry cor-
responds to a particular prime element (working modulo associates), and
indeed all the earlier arguments as well as those just given apply to gen-
eral UFD’s too, with little modification. Can the arguments be extended
beyond UFD’s in some way?

Given the multiplicative nature of the problem, one could broaden this
question: are there generalisations of direct sums of the non-negative in-
tegers under addition for which unique square-free decomposition exists?
The problem then becomes one of (cancellative) commutative semigroup
theory, where one can define notions such as “square-free”, “irreducible”
and “prime” in the expected ways. The answer to this generalised question
turns out to be “yes”.

Let A be the subsemigroup of the countable Cartesian product of copies
of the non-negative integers for which all but finitely many entries are some
fixed integer — the “ultimately constant” sequences. This semigroup evi-
dently contains the countable direct sum, where the constant is always
zero. Given such a sequence, exactly the same method of obtaining unique
square-free decompositions as just given above applies: the process of ob-
taining the decomposition terminates and has the desired form. Now, ir-
reducibles in A are elements having 1 in one entry and zero elsewhere,
just as before, but such elements are not “prime”: for example the element
(1,1,1,...) cannot be expressed as a finite sum of such irreducible elements.
However, it is unlikely that any ring can be constructed which has A as its
multiplicative semigroup.

An example along similar lines for which unique square-free decomposi-
tions exist, but for which there is no computable algorithm to find them, is
obtained by replacing “ultimately constant” by “bounded” — the recursive
definition of the y; and «; still makes sense, and there will be only finitely
many of them in a representation, but the y; and «; are not computable,
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since the representation of x cannot be given using finitely many bits of
information.
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