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1. INTRODUCTION

For each whole number k ≥ 2 let the integer lower k’th root of a non-zero
integer n be defined by

ρk(n) =
∏

pα||n
pb

α
k c,

the integer upper k’th root by

ηk(n) =
∏

pα||n
pd

α
k e,

and the integer conductor by

N(n) =
∏

p|n
p.

If n = 0 set ρk(n) = ηk(n) = N(n) = 0.
1
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Since, for each integer n, N(n) = ηk(n) for k ≥ kn, there is a close
relationship between k’th roots and the integer conductor. A range of
analytic and other aspects of this relationship are examined in [3].

Consider the ABC conjecture (referred to here as ABC) as follows: For
every ε > 0, if a, b are co-prime integers and a + b = c then

max(|a|, |b|, |c|) ¿ε N(abc)1+ε.

Although this conjecture has many interesting consequences (see for ex-
ample [10]), it is still quite some distance from being proved or disproved.
(See the results of Stewart et al. cited in this section below.)

In this paper the conjecture is weakened, by replacing the conductor by
the (larger) integer k’th root, and also by discretizing ε, replacing it with
1/m, for whole number values m.

Definition 1.1. Let k ≥ 2 and m ≥ 1 be natural numbers. We say
that the ABC-(k,m) conjecture is satisfied if for all co-prime integers a and
b with a + b = c:

max(|a|, |b|, |c|)m ¿k,m ηk(abc)1+m.

The introduction of the natural number m, rather than the continuous
ε, allows for potential inductive proofs, divisibility and the application of
binomial and diophantine relationships in proving cases of the conjecture.

Even if all of these conjectures where true, ABC would not, on the face
of it, follow. Hence these conjectures might be regarded as being weaker
than ABC in an ultimate sense. If ABC-(k,m) were to imply ABC for some
finite value of k, that would be quite surprising (and interesting).

It turns out that many of the consequences of ABC are able to be derived
assuming ABC-(k,m) with quite small values of k and m. For example to
prove the asymptotic Fermat theorem it is sufficient to chose k = 4 and
m = 4 ((4,4)), the asymptotic Catalan (5,10), the existence of an infinite
number of non-Wieferich primes (4,8), and the existence of only finitely
many consecutive powerful numbers (10,6).

It is easy to show that ABC-(2,m) is true for all m ≥ 1 and that ABC-
(3,2) and ABC-(4,1) are also true.

Many of the proof methods used here reflect those in the literature where
the full ABC conjecture has been used, and acknowledgement of this is
underlined.

Successive improvements by Stewart, Tijdeman and Yu (see [15, 16,
17]), mostly dependent on inequalities for linearly independent p-adic log-
arithms, have resulted in better approximations to ABC itself. Typically
these approximations are given in the form of an upper bound for the sum
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of two co-prime numbers which is an increasing function of the standard
rational integer conductor. To date the best result is:

Theorem 1.1. (Stewart) If (a, b) = 1 and G = N(ab(a + b)) then there
is an effectively computable constant c > 0 such that

a + b < ecG1/3(log G)3 .

Replacing G by ηk(ab(a + b) results in an inequality automatically sat-
isfied by ηk(ab(a + b), which may be of value, especially for large k. Here
(bounds for) the actual size of c would be useful: since a+b | ηk(ab(a+b)k,
these bounds are of interest only when exp(cG

1
3+ε) ¿ ηk(ab(a + b))l for

some l < k.
In Section 2 a set of lemmas is given. These are used to derive the

consequences of ABC-(k,m) given here. They might be useful also for
proving cases of the conjecture or applying them, and should be read in
conjunction with the composite lemma given in [3].

In Section 3 some relationships with ABC and the elementary proved
cases ABC-(2,m), ABC-(3,2) and ABC-(4,1) are given.

In Section 4 there are fourteen consequences of ABC-(k,m), including
those referred to above. They include a corresponding result to a key
theorem in the paper of Granville [8, Theorem 5]. As might be expected, the
result is dependent on the polynomial degree parameter D which appears
as a consequence of the use of a Belyi function [1]. For a restricted class of
polynomials in Z[x] it is possible to avoid the use of a Belyi function and
obtain explicit parameter values.

In most of this paper the values of a,b and c, used in relationship to
ABC-(k,m), are assumed to be positive. This is without loss in generality.

2. LEMMAS

Definition 2.1. Let k ≥ 2 and let b be a k-free integer with b =∏
p|b pap being the standard prime factorization. Then the integer b, defined

by

b =
∏

p|b
pk−αp

is also k-free. If k = 2 then b = b. We call b the k-conjugate of b.
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The following lemma is given without proof. The results are straightfor-
ward consequences of the definitions of ρk, ηk and N .

Lemma 2.1.

For l ≥ 1 and k ≥ 2:
1. max{N(n), n

1
k } ≤ ηk(n) ≤ n

1
k N(n)

k−1
k .

2. n
1
k = ηk(n) if and only if n is a k’th power.

3. ηk(n) = n if and only if n is square free.

4. If n is k-free then ηk(n) = N(n).

5. If n is k-full then N(n) ≤ n
1
k .

6. If n is k-full then ηk(n) ≤ n
2
k− 1

k2 .

7. If n is f-full and 2 ≤ f then ηk(n) ≤ n
1
k + k−1

fk .

8. ηk(nl) ≤ n
l
k N(n)

k−1
k .

9. If 1 ≤ l ≤ k then ηk(nl) ≤ n.

10. ηk(ab) | ηk(a)ηk(b) and for all l ≥ 1, ηk(al) | ηk(a)l.

11. If a | b then ηk(a) | ηk(b).

12. For all a and b, ηk(ab) ≤ ηk(a)ηk(b).

13. ηk(nl) = nb
l
k cηk(nl mod k) where l mod k denotes the positive re-

mainder when l is divided by k.

14. For all a and b, ηk(a)ηk(b) ≤ ηk(ab)N((a, b))2 where (a, b) is the
greatest common divisor.

15. For all a, b and c, ηk(abc) ≥ ηk(a)ηk(b)ηk(c)N((a,b,c))2

(N((a,c)N((a,b))N((b,c)))2 .

16. ηk(n) = ρk(n)(bb)1/k where n = akb with b k-free.
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Lemma 2.2. If c is a unitary divisor of n and for every p | c, pl‖c with
l < k, then

ηk(n) ≥ n1/kN(c)
c1/k

.

Proof. Write n = akb, with b k-free, so necessarily c | b. Then ηk(n) =
a(bb)1/k with b = N(b)k/b so that

ηk(n) =
n1/k

b1/k
(bb)1/k ≥ n1/k N(b)

b1/k
.

But c is k-free and c | b so, if b =
∏

p|b pα
p ,

N(b)k

b
=

∏

p|b
pk−αp ≥

∏

p|c
pk−αp =

N(c)k

c
.

Hence

ηk(n) ≥ (n

c

)1/k
N(c).

Lemma 2.3. If ak | n then

ηk(n) ≤ n

ak−1
.

Proof. Since ak | n, a | ρk(n). But ηk(n) = ρk(n)(bb)1/k. Hence

ηk(n) · ak−1 ≤ ηk(n)ρk(n)k−1

= ηk(n)
( ηk(n)
(bb)1/k

)k−1

=
ηk(n)k

(bb)
k−1

k

=
ηk(n)k(bb)1/k

bb

=
bn(bb)1/k

bb

≤ n since (bb)1/k = N(b) ≤ b.



6 BROUGHAN

3. RELATIONSHIP WITH THE ABC CONJECTURE

Observations: (1) ABC-(k,m) implies ABC-(k,m’) for 1 ≤ m′ ≤ m and
ABC-(k’,m) for 2 ≤ k′ ≤ k.

(2) If the ABC conjecture is true then ABC-(k,m) is true for all k ≥ 2
and all m ≥ 1, and the implied constant depends only on m. If ABC-(k,m)
is true, with the implied constant depending only on m, then ABC is true.

(3) The number 1 in the exponent m + 1 could be replaced by any other
strictly positive integer, generally with a different implied constant: if the
exponent was m + j, since the conjecture holds for all m it holds for mj,
so take the j’th root.

(4) The same example which shows that in the ABC conjecture, ε cannot
be taken as 0, provides a limitation on ABC-(k,m), namely the statement
there exists a C > 0 (independent of k) such that for all k ≥ 2 and all
m ≥ 1 and all a, b with (a, b) = 1,

a + b ≤ Cηk(ab(a + b))1+1/m.

To see this, for n = 1, 2, . . . let k = 2n, and define an odd integer un by
the equation

2n+1un + 1 = 32n

.

If there was a C so that the above relationship was true, then

32n ≤ Cη2n(2n+1un)η2n(32n

)

≤ C · 3 · 2dn+1
2n eη2n(un)

≤ 3 · C · 2dn+1
2n e 32n

2n+1

so therefore 2n+1 ≤ 6C, which is false for n ≥ no.

4. PROVED CASES OF ABC-(K,M)

Theorem 4.1.

a + b ≤
√

2 · η2(a)η2(b)η2(a + b)
for all integers a and b with a ≥ 1 and b ≥ 1 and (a, b) = 1. Therefore
ABC-(2,m) is true for all m ≥ 1, where the implied constant is independent
of m.

Proof. Note first that a + b ≤ 2ab so ρ2(a + b) 6
√

a + b) 6
√

2
√

ab.
Also if n is a positive integer with n = a2b with b squarefree then n =
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a · ab = ρ2(n)η2(n). Therefore

a + b = ρ2(a + b)η2(a + b) 6
√

2
√

a
√

bη2(a + b) 6
√

2η2(a)η2(b)η2(a + b)

=
√

2η2(ab(a + b)),

where the last equality follows because η2 is multiplicative.

Theorem 4.2. ABC-(3,2) is true with constant C = 2. That is to say,
for all integers a, b with (a, b) = 1:

(a + b)2 ≤ 2 · η3(ab(a + b))3.

Proof. Apply the equation n | η3(n)3 with n replaced by a, b and a + b:

(a + b)2 = (a + b)(a + b) ≤ 2η3(a)3η3(b)3η3(a + b)3 = 2 · η3(ab(a + b))3.

Theorem 4.3. ABC-(4,1) is true with constant C =
√

2. That is to
say, for all integers a, b with (a, b) = 1:

a + b ≤
√

2[η4(a)η4(b)η4(a + b)]2.

Proof. Assume a and b are strictly positive. Apply the equation
√

n ≤
η4(n)2 with n replaced by a, b and a + b:

a + b ≤
√

2ab(a + b) ≤
√

2η4(a)2η4(b)2η4(a + b)2 =
√

2 · η4(ab(a + b))2.

Note that when m and k are allowed to take continuous values, each of
these cases is on or under the curve 1 + 1/m = 2/k which is the natural
boundary for the method that has been used and which shows also that
any extension to larger, even non-integral, values of k or m will require new
ideas.

5. CONSEQUENCES OF ABC-(K,M)

Theorem 5.1. (asymptotic Fermat) Assume ABC-(k,m) for some k and
m which satisfy

m

m + 1
− 3

k
> 0.
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Then there exists a positive integer no ≥ 3 such that the equation xn +yn =
zn has no solution with (x, y) = 1 for any n ≥ no.

Proof. Then for all a, b with (a, b) = 1,

(a + b)
m

m+1 ¿k,m ηk(a)ηk(b)ηk(a + b).

If xn + yn = zn let xn = a and yn = b so

z
nm

m+1 ¿ ηk((xyz)n)

= z
3n
k z3 by Lemma 2.1 (8).

Hence

z
nm

m+1− 3n
k −3 ¿m,k 1.

which is false for z > 1 and n > no.

Note that the pair (k,m) which satisfies the inequality in the theorem
statement with k minimal and for that k, m minimal, is (4,4). The choices
(6,3) and (5,2) also work.

Theorem 5.2. (Asymptotic Beale) Assume ABC-(k,m) for some k and
m which satisfy

m

m + 1
− 3

k
>

1
r

+
1
s

+
1
t
.

Then there exists a positive integer no such that the equation xr +ys = zt

has at most a finite number of solutions with (x, y) = 1 for any given
r, s, t ≥ no.

Proof. First note that x ≤ z
t
r and y ≤ z

t
s . From ABC-(k,m) with

a = xt and b = ys it follows from Lemma 2.1 (8) that

z
tm

m+1 ¿ ηk(xr)ηk(ys)ηk(zt)

¿ x
r
k y

s
k z

t
k xyz

¿ z(1+ r
k ) t

r +(1+ s
k ) t

s +(1+ t
k ).

It follows from this equation that

zt( m
m+1− 3

k−( 1
r + 1

s + 1
t )) ¿ 1.
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Theorem 5.3. (Asymptotic Catalan) Assume ABC-(k,m) with

m

m + 1
>

2
k

+
1
2
.

Then the equation xp − yq = 1 has at most a finite number of solutions in
positive integers p, q, x and y.

Proof. Assume x, y ≥ 2 and p, q ≥ 4. There is a constant K > 0 such
that

x
pm

m+1 ≤ Kx
p
k +1y

q
k +1.

Since xp > yq the inequality

y
qm

m+1 ≤ Kx
p
k +1y

q
k +1

also holds. Take logarithms of both inequalities and add to obtain

pm

m + 1
log x +

qm

m + 1
log y ≤ 2 log K + 2(

p

k
+ 1) log x + 2(

q

k
+ 1) log y.

It follows that

(
pm

m + 1
− 2

p

k
− 2) log x + (

qm

m + 1
− 2

q

k
− 2) log y ≤ 2 log K.

But because p, q ≥ 4, it follows from the given inequality satisfied by
k, m that p( m

m+1 − 2
k ) > 2 with a similar inequality holding with p replaced

by q. So the coefficients of log x and log y are positive and they can be
replaced by their lower bound log 2 leading to

(p + q)(
m

m + 1
− 2

k
) ≤ 2

log K

log 2
+ 4.

Thus, there are only a finite number of exponents (p, q) for which the Cata-
lan equation has a solution. By Mordell’s theorem, for fixed (p, q) the equa-
tion has at most a finite set of integral solutions. Therefore the equation has
only a finite set of integral solutions.

Note that the pair (k, m) with k minimal and for that k, m minimal,
which satisfies the inequality in the theorem statement, is (5,10).

Theorem 5.4. (Wieferich Primes) Assume ABC-(k,m) where k and m
are such that

m

m + 1
>

1
2

+
3
2k

.
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Then there exists an infinite number of non-Wieferich primes. That is to
say, primes p such that p2 - 2p−1 − 1.

Proof. First note that, by [11, Lemma 5.1], if p is an odd prime and
there exists an n ∈ N such that 2n = 1 mod p but 2n 6= 1 mod p2 then p is
non-Wieferich.

Let n ∈ N and write 2n − 1 = unvn where vn is the maximal powerful
divisor of 2n − 1. Then un is square free and (un, vn) = 1. If p | un then
2n ≡ 1 mod p but 2n 6≡ 1 mod p2 since un is square free. So all the prime
divisors of un are non-Wieferich.

Assume that there are only a finite number of non-Wieferich primes.
Then the set of all possible un is finite also (and thus bounded) and the
set of vn must therefore be infinite. This also implies there is a constant
c > 0 such that for all n ∈ N

c2n < vn < 2n (1).

Write a = 2n − 1 and b = 1 so a + b = 2n. By ABC-(k,m):

2
nm

m+1 ¿ ηk(2n)ηk(unvn)
¿ 2

n
k ηk(2n mod k)ηk(un)ηk(vn)

¿ 2
n
k unvn

1
k vn

k−1
2k using Lemma 2.1 (7)

¿ 2
n
k vn

1
2+ 1

2k .

Hence, using equation (1)

2
nm

m+1 ¿ 2n( 1
2+ 3

2k )

and therefore

2n( m
m+1−( 1

2+ 3
2k )) ¿ 1.

Hence the set of n’s is finite, which is a contradiction, since the set of
vn is infinite. Therefore the number of non-Wieferich primes is infinite.

Note: the inequality of the theorem is satisfied by the choices k = 4 and
m = 8, this being the smallest value of k. It is also satisfied by (5,5) and
(6,4).

Theorem 5.5. (Silverman) Let a ∈ Z \ {±1}. Assume ABC-(k,m) with

1
m + 1

+
1
k
≤ log 2

32 log a
.
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Then there exist an infinite number of primes p such that

ap−1 6≡ 1 mod p2.

Proof. We need only consider [13, Lemma 7] in the special case b =
1, α = a/1, a ≥ 3 and adopt the same meaning for c, ε and δ as used in
that proof. Then an inspection of the proof of [14, Lemma 5.4] shows that
in this case the inequality

|Φn(a, 1)| ≥ ecφ(n)

can assume the form |Φn(a)| ≥ 2φ(n)/2 = ecφ(n), where c = log 2/2, since
||a| − 1| ≥ 2.

Now apply ABC-(k,m) to an = 1 + unvn:

a
nm

m+1 ¿m ηk(anunvn)
≤ a

n
k +1ηk(un)ηk(vn) using Lemma 2.1 (8,12)

an( m
m+1 ) ¿m,a an/kηk(un)ηk(vn)

¿m,a
an+n/k

vn
v3/4

n using Lemma 2.1 (6).

Therefore

vn ¿m,a a4n( 1
m+1+ 1

k )

Choose δ = 1
2 and ε = log 2/(8 log a) and (m, k) so that

4(
1

m + 1
+

1
k

) ≤ log 2
8 log a

.

Theorem 5.6. (Erdös conjecture [6], Granville) Assume ABC-(k,m)
with k even and with k and m satisfying

2m

m + 1
− (

3
2

+
3
2k

) > 0.

Then there exist only finitely many triples of consecutive powerful numbers.
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Proof. Let n− 1, n, n + 1 be powerful. Then

ηk(n2) =
∏

p|n
pd

2α
k e

= ηk/2(n)

≤ n
2
k N(n)

k−2
k by Lemma 2.1 (1)

≤ n
2
k (
√

n)
k−2

k

= n
1
2+ 1

k .

Therefore ηk(n2) ≤ n
1
2+ 1

k . Call this (1).
Also l = (n− 1)(n + 1) is powerful so

ηk(l) ≤ l
1
k N(l)

k−1
k by Lemma 2.1 (1)

≤ l
1
k

√
l

k−1
k

= l
1
2+ 1

2k .

Hence

ηk((n− 1)(n + 1)) ≤ ((n− 1)(n + 1))
1
2+ 1

2k

≤ (n2)
1
2+ 1

2k

= n1+ 1
k .

Therefore ηk(l) ≤ n1+ 1
k . Call this (2).

Now apply ABC-(k,m) with a = n2 − 1, b = 1, a + b = n2 and use (1)
and (2) to derive

n
2m

m+1 ≤ Kn
3
2+ 3

2k

so [ 2m
m+1−( 3

2 + 3
2k )] log n ≤ log K and therefore the set of all possible n’s is

bounded.

Note that the pair (k, m) with k minimal and for that k, m minimal,
which satisfies the inequality in the theorem statement, is (4,16). It is also
satisfied by (5,10) and (6,8).

Theorem 5.7. Assume ABC-(k,m) with a positive integer f satisfying

fkm > 2(m + 1)(f + k − 1).
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Then there exists at most a finite number of pairs of successive f-full num-
bers.

Proof. Let x and x + 1 be successive f-full numbers. Then

x
m

m+1 ¿ ηk(x)ηk(x + 1)

≤ x
1
k + k−1

fk (x + 1)
1
k + k−1

fk by Lemma 2.1 (7)

¿ x2( 1
k + k−1

fk ).

Since fkm > 2(m + 1)(f + k − 1) it follows that

m

m + 1
> 2(

1
k

+
k − 1
fk

).

Hence the set of values of x must be finite.

Note that the selection f = 3, k = 10,m = 5 satisfies the inequality of
the theorem as does f = 5, k = 3,m = 15.

Successive powerful numbers are quite rare. In a computer search of
numbers up to 12 ∗ 106 the following 10 were found. The first element of
each list is n where (n, n + 1) are a powerful pair. The next integer is the
power of n, being the minimum α such that pα‖n for all p | n. The final
integer is the power of n + 1.

{8, 3, 2} {288, 2, 2} {675, 2, 2} {9800, 2, 2} {12167, 3, 2}
{235224, 2, 2} {332928, 2, 2} {465124, 2, 2} {1825200, 2, 2}
{11309768, 2, 2}

Theorem 5.8. Assume ABC-(k,m) with, for some f ≥ 2

m

m + 1
− 3

k
− 3(k − 1)

fk
> 0.

Then the number of pairs of positive integers (a, b) with (a, b) = 1, and
such that a, b and a + b are all f-full is finite.

Proof. Use Lemma 2.1 (7):

(a + b)
m

m+1 ¿ ηk(ab(a + b))

¿ (ab)
1
k + k−1

fk (a + b)
1
k + k−1

fk

(ab)
1
2 ( m

m+1− 1
k− k−1

fk ) ¿ (ab)
1
k + k−1

fk

(ab)
m

m+1− 3
k− 3(k−1)

fk ¿ 1.
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And the result follows.

Note that f = 6, k = 6, m = 12 is a set of choices which will satisfy the
inequality in the theorem statement.

The following should be compared with the theorem of Darmon and
Granville [5].

Theorem 5.9. (Generalized Fermat) Assume ABC=(k,m). If a, b, c, r, s, t
are fixed strictly positive integers with a, b, c co-prime and

1
r

+
1
s

+
1
t

+
3
k

<
m

m + 1

then the equation

axr + bys = czt

has at most a finite number of solutions x, y, z in strictly positive co-prime
integers.

Proof. Use Lemma 2.1 (1,8,12) and apply ABC-(k,m) to u + v where
u = ar and v = by. The implied constants depend on a, b, c, r, s, t, m, k:

cmztm ¿ ηk(axrbysczt)m+1

c
m

m+1 z
tm

m+1 ¿ ηk(axr)ηk(bys)ηk(czt)
¿ ηk(a)ηk(b)ηk(c)xr/kxys/kyzt/kz.

But x ≤ ( c
azt)1/r and y ≤ ( c

bz
t)1/s so therefore:

z
tm

m+1 ¿ z[1 +
t

k
+ (1 +

r

k
)
t

r
+ (1 +

s

k
)
t

s
]

so therefore

zt[
m

m + 1
− (

1
r

+
1
s

+
1
t
)− 3

k
] ¿ 1.

The result follows.

A key to Theorem 5.11 below is the use of a Belyi function [1] to prove
the following theorem. A proof of this is given in [8].

Theorem 5.10. Let f(x, y) ∈ Q[x, y] be homogeneous with no repeated
factors. Then there exist homogeneous polynomials a(x,y), b(x,y) and c(x,y),
with a and b having the same degree D ≥ 1 and c degree less than or equal to
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D, with no common factors (in Q), where the polynomial a(x, y)b(x, y)c(x, y)
has exactly D + 2 non proportional linear factors (in Q), including all of
the factors of f(x, y), f(x, y) | a(x, y)b(x, y)c(x, y) and

a(x, y) + b(x, y) = c(x, y).

The following corresponds to [8, Theorem 5].

Theorem 5.11. Assume ABC-(k,µ). Let f(x, y) ∈ Z[x, y] be homoge-
neous with no repeated factors. Let D be the degree referred to Theorem
5.10 stated above. Then if m,n are any two co-prime integers:

max(|m|, |n|)deg(f)−2−D(2+ k
µ+1 )

k−1 ¿k,µ,f N(f(m,n)).

Proof. By clearing denominators if necessary, there is a polynomial
h(x, y) in Z[x, y] such that a(x, y)b(x, y)c(x, y) = f(x, y)h(x, y).

Let m,n be integers with (m,n) = 1 and let d = gcd(a(m,n), b(m,n)).
Apply ABC-(k,µ) to the equation a(m,n)/d + b(m, n)/d = c(m, n)/d:

max(|a(m,n)/d|, |b(m,n)/d|)1−1/(µ+1) ¿k,µ ηk(a(m,n)b(m,n)c(m,n)/d3).

Since a(x, y) and b(x, y) have no common factors, their resultant is a non-
zero integer, which is a multiple of the integer d. Therefore d is bounded,
with the bound dependent only on f (d ¿a,b 1), and using Lemma 2.1 (1)
we can write:

max(|a(m, n)|, |b(m, n)|)1−1/(µ+1) ¿k,µ,f ηk(a(m,n)b(m, n)c(m,n))

¿k,µ,f (a(m, n)b(m,n)c(m,n))1/kN(a(m,n)b(m,n)c(m,n))
k−1

k .

Now let H = max(|m|, |n|). Then the argument in [8, Theorem 5] shows
that max(|a(m, n)|, |b(m, n)|) À HD. Let the product of the linear factors
of a(x, y)b(x, y)c(x, y) be f(x, y)g(x, y). Then |g(m, n)| ¿ HD+2−deg f so
therefore:

(HD)1−1/(µ+1) ¿k,µ,f H
3D
k +(D+2−deg f) k−1

k N(f(m,n))
k−1

k .

This inequality readily simplifies to:

Hdeg f−2−D(2+k/(µ+1))
k−1 ¿ N(f(m,n)).
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The same definition f(x, y) = ydeg g+1g(x/y) used by Granville [8, Corol-
lary 1], enables the following to be deduced:

Theorem 5.12. Assume ABC-(k,µ). Let g(x) ∈ Z[x] have no repeated
factors. Let D be the degree referred to in Theorem 5.10 stated above. Then
if m is any integer:

|m|deg(g)−1−D(2+k/(µ+1))
k−1 ¿k,µ,g N(g(m)).

Application of these theorems awaits an investigation of the relationship
between D and other problem parameters such as the deg f or deg g.

For a class of univariate polynomials it is possible to avoid use of Belyi’s
theorem. These polynomials include some of those used in deriving number
theory results from ABC by Granville [8]. The class is all polynomials
f(x) ∈ Z[x] such that there exist a set of distinct integers a1, · · · , an with

f(x) =
n∏

j=1

(x− aj).

Theorem 5.13. Let f(x) be a polynomial in the given class. Assume
ABC-(k,µ). If the degree of f(x) is even define d by deg f = 2d. Then for
all integers m

|m| k
k−1−d( 2

k−1+ k
(k−1)(µ+1) ) ¿k,µ,f N(f(m)).

If the degree of f(x) is odd let deg f = 2d + 1. Then for all integers m

|m|
(

dk
k−1

)(
(1+ 1

d )( µ
1+µ− 2

k )−1
)
¿k,µ,f N(f(m)).

Proof. If deg f is even let

a(x) =
d∏

j=1

(x− aj)

b(x) = −
2d∏

j=d+1

(x− aj)

c(x) = a(x) + b(x).
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Then a(x)b(x)c(x) = f(x)h(x) and the degree of h(x) is at most d − 1
since the degree of c(x) is at most d− 1. The given formula follows in the
same manner as the result of Theorem 5.11.

If deg f is odd let

a(x) =
d+1∏

j=1

(x− aj)

b(x) = −(
2d∏

j=d+2

(x− aj))(x− a2d+1)2

c(x) = a(x) + b(x).

Then the product of the distinct linear factors of a(x)b(x)c(x) is f(x)h(x)
and the degree of h(x) is at most d. Again, the given formula follows in the
same manner as the result of Theorem 5.11.

Note that in the even degree case the exponent is positive if and only if

2
k

+
1

µ + 1
<

1
d
.

For degree 4 the minimum value of k is 5 and then µ > 9 is required.
In the odd degree case it is positive when

2 +
k

1 + µ
<

1
d + 1

.

For degree 3 the minimum value of k is 4 and µ > 9.
In attempting to use the above theorem, which does not have the disad-

vantage of the parameter D, to obtain an improvement of [8, Theorem 5]
the best result that could be obtained was the following: If g(x) ∈ Z[x] has
integer factors and no repeated roots, then if q2 | g(m),

q ¿g,ε |m|deg g−1−ε(k,µ)

where ε(k, µ) is an explicit function of k and µ with expected asymptotic
behavior.

Theorem 5.14. (Browkin) Assume ABC-(k,m). For every positive in-
teger n ≥ 2 for which the inequality

n2

m + 1
+

n2 + 1
k

< 1
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is satisfied, there exist infinitely many integers l for which the cyclotomic
polynomial Φn(l) is square free.

Proof. Fix n > 1 and let F (x) = x(xn2 − 1). Then the argument of
Browkin et al [4, Theorem 3], shows that there are an infinite number of
integers t such that if p is a prime with p ≤ t then p2 - F (t). We claim that
if t is sufficiently large with this property then one of the numbers Φn(t)
or Φn(tn) is square free.

Assume that neither is square free and let a = tn
2−1, b = 1 so a+b = tn

2
.

There exists a polynomial g(x) with integer coefficients such that

F (x) = Φn(x)Φn2(x)g(x).

By the assumption there exist primes p and q such that p2 | Φn(t) and
q2 | Φn2(t) so (pq)2 | F (t). Since for all p ≤ t, p2 - F (t), both p > t and
q > t. Therefore, N(F (t)) ≤ F (t)/(pq) < F (t)/t2. Hence, using Lemma
2.1 (8):

t
mn2
m+1 ¿ ηk(ab(a + b)) = ηk(tn

2−1F (t))

¿ ((tn
2
(tn

2 − 1)1/kN(F (t))
k−1

k

≤ t
2n2

k

(F (t)
t2

) k−1
k .

But F (t)
t2 < tn

2−1 so therefore

t1−
1+n2

k − n2
m+1 ¿ 1

for an infinite number of values of t, which is impossible.
Hence at least one of Φn(t) or Φn2(t) = Φn(tn) is square free, so there ex-

ist an infinite number of square free values for Φn(x).

Note that for n = 1 the smallest value of k for which the inequality of
the theorem statement is satisfied is k = 4 and then m = 20 is required.

Theorem 5.15 (Hall’s conjecture [9]). Assume ABC-(k,m). If

ε =
3

m + 1
+

7
2k

then for every pair of integers u, v with u3 6= v2,

|u3 − v2| Àk,m |u| 12−ε.
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Proof. (1) Assume u3 = a + v2 with a > 0 so v < u3/2. Let d = (u, v)
be the greatest common divisor and apply ABC-(k,m) to

u3

d2
=

a

d2
+

v2

d2
.

By Lemma 2.1 (11) ηk(u3/d2) ≤ ηk(u3) and we can make the following
derivation:

(
u3

d2
)

m
m+1 ¿k,m ηk(

u3

d2
)ηk(

v2

d2
)ηk(

a

d2
)

u
3m

m+1

d
2m

m+1
¿ u1+ 2

k (
v

d
)

2
k N(

v

d
)

k−1
k · a

d2

¿ u1+2/kv2/kv(k−1)/k

d3+1/k
· a

¿ u5/2+7/(2k)

d3+1/k
· a.

It follows that

u1/2−ε ¿ a · d2m/(m+1)−3−1/k ≤ a

where ε is defined in the theorem statement.
(2) Now assume v2 = a + u3, again with a > 0. Then there exists a

minimal integer v1 with u3 < v2
1 . Let a1 be defined by v2

1 = a1 + u3, so
a1 ≤ a. Since (v1 − 1)2 ≤ u3, we have v1 ∼ u3/2. Now proceed as in 1.
letting d = (u, v1) and applying ABC-(k,m) to obtain the same inequality
for a1, and hence for a.

3. From (1) and (2) we obtain the result of the theorem.

For this result to have any effect, we must have k ≥ 8.

6. EPILOGUE

The effect of these ideas is three fold. Firstly, any theorem of the form
”ABC implies D” is improved if a proof ”ABC-(k,m) implies D” is obtained.
The lower the values of k and m, the greater the improvement. Secondly,
they offer a path to obtaining unconditional results from ABC based tech-
niques, without having a proof of ABC itself, assuming that ABC-(k,m),
for low values of the parameters, should be easier to prove (and more likely
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to be true). However proofs of the conjectures are expected to get progres-
sively harder as values of k and m increase. Finally, the values of k and m
which are required to solve a given problem give, in a sense, a measure of
the degree of difficulty of the problem, the smaller the values the easier it
should be to solve.
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