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1. INTRODUCTION

For each whole number k£ > 2 and non-zero positive integer n let the
integer upper k’th root and conductor be defined by

me(n) =[] »"*",N(n) =] »

p*||n pln

respectively. If n = 0 set ni(n) = N(n) = 0.

Since, for each integer n, N(n) = ng(n) for k > k,, there is a close
relationship between k’th roots and the integer conductor. A range of
analytic and other aspects of this relationship are examined in [5]. For
other applications see [3, 4].

Consider the ABC conjecture (referred to here as ABC) as follows: For
every € > 0, if a, b are co-prime integers with abc # 0 and a + b = ¢ then

max([al, [B], |c]) <. N(abe)+e.
1
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Although this conjecture has many interesting consequences (see for ex-
ample [13]), it is still quite some distance from being proved or disproved.
(See the results of Stewart et al. cited in this section below.)

In this paper the conjecture is weakened, by replacing the conductor by
the (larger) integer k’th root.

DEFINITION 1.1. Let k > 2 be a natural number and € > 0 be given.
We say that the ABC-(k,e) conjecture is satisfied if for all co-prime integers
a and b with abc # 0 and a + b = ¢:

max(|al, 8], |¢]) <e m(abe)' ™.

The use of integer k allows for the potential use of Euler products [5] in
derivations. However this restriction is not essential, and the use of k’th
roots is expected to take its place in a “family” of relaxations of the origi-
nal ABC, which would include the alternative given Section 2 “Associated
Relaxations”. In this paper we focus on ABC-(k,e).

Even if all of these conjectures where true, ABC would not, on the face
of it, follow. Hence these conjectures might be regarded as being weaker
than ABC in an ultimate sense. If ABC-(k,e) were to imply ABC for some
finite value of k, that would be quite surprising (and interesting).

It turns out that many of the consequences of ABC are able to be derived
assuming ABC-(k,e) with quite small values of k and large values of €. For
example to prove the asymptotic Fermat theorem it is sufficient to chose
k =4 and and € < 1/3 (denoted (4,1/3)), the asymptotic Catalan (5,1/9),
the existence of an infinite number of non-Wieferich primes (4,1/7), and
the existence of only finitely many consecutive powerful numbers (4,1/15).

It is easy to show that ABC-(2,e) is true for all ¢ > 0 and that ABC-
(3,1/2) and ABC-(4,1) are also true.

Browkin in [7] defines a more general relaxation of ABC with p/#%1 re-
placed by pf(® where f is a given slowly increasing function. Under ap-
propriate assumptions on f he deduces the asymptotic Fermat theorem,
Overholt’s theorem on solutions of n! + 1 = m? and a weak form of Hall’s
conjecture.

Many of the proof methods used here reflect those in the literature where
the full ABC conjecture has been used, and acknowledgement of this is
underlined.

Successive improvements by Stewart, Tijdeman and Yu (see [19, 20,
21]), mostly dependent on inequalities for linearly independent p-adic log-
arithms, have resulted in better approximations to ABC itself. Typically
these approximations are given in the form of an upper bound for the sum
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of two co-prime numbers which is an increasing function of the standard
rational integer conductor. To date the best result is:

THEOREM 1.1. (Stewart-Tijdeman-Yu) If (a,b) =1 and G = N(ab(a +
b)) then there is an effectively computable constant ¢ > 0 such that

a+b< ecGl/3(10gG)3

Replacing G by ni(ab(a 4+ b)) results in an inequality automatically
satisfied by ni (ab(a+0b)), which may be of value, especially for large k. Here
(bounds for) the actual size of ¢ would be useful: since a+b | n(ab(a+b)*),
these bounds are of interest only when exp(cG3+¢) < ni(ab(a + b))! for
some | < k.

In Section 3 a set of lemmas is given. These are used to derive the con-
sequences of ABC-(k,e) given here. They might be useful also for proving
cases of the conjecture or applying them, and should be read in conjunction
with the composite lemma given in [5].

In Section 4 some relationships with ABC and the elementary proved
cases ABC-(2,¢), ABC-(3,1/2) and ABC-(4,1) are given.

In Section 5 there are fourteen consequences of ABC-(k,e), including
those referred to above. They include a corresponding result to a key the-
orem in the paper of Granville [11, Theorem 5]. As might be expected, the
result is dependent on the polynomial degree parameter D which appears
as a consequence of the use of a Belyi function [1]. For a restricted class
of polynomials in Z[z] the use of a Belyi function is avoided and explicit
parameter values obtained.

Also in Section 5 are included ABC-(k,e) improved forms of the asymp-
totic generalized Fermat problem, the Browkin, Filaseta, Greaves, Schnitzel
theorem on the square free values of cyclotomic polynomials, and Hall’s
conjecture giving a lower bound for |u® — v?| where u and v are integers.

€
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FIG. 1. Some (k,¢€) regions where theorems are true.
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Figure 1 describes the relative regions of the (k, €) plain for which ABC-
(k,e) will imply some of the results proved in this paper. Points to the left
of the leftmost line have ABC-(k,e) already proved. Points to the right
and below the other lines represent (k,¢) values where A: the asymptotic
Fermat theorem is true, B: the asymptotic Catalan theorem is true, C:
there exists an infinite number of non-Wieferich primes, D: there exist
only finitely many consecutive triples of powerful numbers, and E: each
cyclotomic polynomial has an infinite set of values which are square free.
This shows a natural ordering between problems, in terms of their potential
ease of solution.

In most of this paper the values of a,b and ¢, used in relationship to
ABC-(k,e), are assumed to be positive. This is without loss in generality.

The effect of these ideas is three fold. Firstly, any theorem of the form
“ABC implies D” is improved if a proof “ABC-(k,e) implies D” is obtained.
The lower the values of k£ and larger the value of €, the greater the im-
provement. Secondly, they offer a path to obtaining unconditional results
from ABC based techniques, without having a proof of ABC itself, assum-
ing that ABC-(k,e), for low values of the parameter k& and high values of
¢, should be easier to prove (and more likely to be true). However proofs
of the conjectures are expected to get progressively harder as values of k
increase and e decrease. Finally, the values of k and ¢ which are required to
solve a given problem give, in a sense, a measure of the degree of difficulty
of the problem, the smaller the value of k£ and larger the value of € needed,
the easier it should be to solve.

2. ASSOCIATED RELAXATIONS
There is also a related family of “continuous” weaker forms:

DEFINITION 2.1.  Let ¢ be a real number with ¢ € (0,1] and € > 0 be
given. We say that the ABC-[t, €] conjecture is satisfied if for all co-prime
integers a and b with abc # 0 and a + b = ¢:

max(|al, |b], |c]) <, 0(abe) e

where the multiplicative function 6, is defined by

b¢(n) = H meJ~

p*||n

The utility of these relaxations of ABC is being investigated.
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3. LEMMAS

DEFINITION 3.1. Let £ > 2 and let b be a k-free integer with b =
le » P*7 being the standard prime factorization. Then the integer b, defined

by
b=

plb
is also k-free. If kK = 2 then b = b. We call b the k-conjugate of b.

The following lemma is given without proof. The results are straightfor-
ward consequences of the definitions of pg,nr and N.

LEmMMA 3.1.
For integers 1 > 1 and k > 2:
1. max{N(n)m%} < mr(n) < n%N(n)%.
2. nk = nk(n) if and only if n is a k’th power.
3. n(n) = n if and only if n is square free.
4. If n is k-free then ni(n) = N(n).
5. If n is k-full then N(n) < nt.
6. If n is k-full then ni(n) < nFiT .
7. If nis f-full and 2 < f then ni(n) < it
8. mr(n') < nEN(n) = .
9. If 1 <1<k then ng(n') < n.
10. ng(ab) | i (a)i(b) and for all 1 > 1, ni(a') | mi(a)".
11. If a | b then ng(a) | nk(b).
12. For all a and b, ng(ab) < nr(a)nk(d).
13. mi(nh) = nlelng(ntmed®y where [ mod k denotes the non-negative
remainder when [ is divided by k.
14. For all a and b, ni(a)ne(d) < ni(ab)N((a,b))? where (a,b) is the
greatest common divisor.

N (a)nk (B)nk (¢) N ((a,b,¢))?
15. For all a,b and ¢, ng(abc) > N N (o) N (. ON)Z

16. ni.(n) = pr(n)(bb)*/* where n = a*b with b k-free.

LEMMA 3.2. If ¢ is a k-free unitary divisor of n (i.e. (¢,n/c) =1) then

n'/*N(c)
nk(n > Tk
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Proof. If n = cd with (¢,d) =1 then

N\1/k
me(n) = m(e)ni(d) = N(e)d'/* = ()N (o)
|
LemMA 3.3. Ifa® | n then
n
nr(n) < gy
Proof. If n = a¥m then
n
i (n) = ni(am) = ang(m) < am = ——.

4. RELATIONSHIP WITH THE ABC CONJECTURE

Observations: (1) ABC-(k, €1) implies ABC-(k, €2) for €1 < €3 and ABC-
(k' e1) for 2 < k' < k.

(2) If the ABC conjecture is true then ABC-(k,¢€) is true for all k > 2
and all € > 0, and the implied constant depends only on e. If ABC-(k,e) is
true, with the implied constant depending only on ¢, then ABC is true.

(3) The same example which shows that in the ABC conjecture, € cannot
be taken as 0, provides a limitation on ABC-(k,e), namely the statement
there exists a C' > 0 (independent of k) such that for all £ > 2 and all a,b
with (a,b) =1,

a+b < Cng(abla+0b)).

To see this, for n = 1,2,... let k£ = 2", and define an odd integer u,, by
the equation

22y, +1=3%".
If there was a C' so that the above relationship was true, then

n

Cnan (2" )an (3%7)
C-3. Q[Z#ann ()

ntzq 32
3.0.2[2"-‘2n+2

32"

IN

IN

n

IN

so therefore 2772 < 6C, which is false for n > n,.
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THEOREM 4.1. If a,b are coprime positive integers and g <1+ € then

a+b < V2(abla+ b)),

that is to say, ABC-(k,e) is true for values of k and € satisfying the in-
equality.

Proof. Since a + b < 2ab we have a + b < 2n;.(a)¥n,(b)*, by Lemma
3.1(1), so therefore (a+b)? < 2 (ab(a+b))%. The result follows by taking

square roots. |

This shows that ABC-(2,¢) is true for all € > 0, and that ABC-(3,1/2)
and ABC-(4,1) are also true. If considered in the first quadrant of the z,y
plane with x = k and y = 1/¢, the equation % = 1 + € is a rectangular
hyperbola with vertical asymptote through x = 2. The points on or under
this curve correspond to values of (k,¢) for which ABC may be regarded

as “the trivial case”.

5. CONSEQUENCES OF ABC-(k,e)
5.1. Fermat and extensions

Of course the unconditional full Fermat Last Theorem was proved by
Wiles and Taylor [23]. A small value of k large epsilon values are all that
is needed using ABC-(k,e):

THEOREM 5.1. (asymptotic Fermat) Assume ABC-(k,e) for some k > 4

and € > 0 which satisfy € < % — 1. Then there exists a positive integer

ne > 3 such that the equation x™ + y™ = 2™ has no solution in positive
integers with (x,y) = 1 for any n > n,.

Proof. Then for all a,b with (a,b) =1,

(a+0) 7 e (@) (D) (a+).
If x™ +y™ = 2" let 2™ = a and y"™ = b so
2T < mp((zy2)") < 2% 23 by Lemma 3.1 (8).

Hence » T~ % 3 <L, 1 which is false for z > 1 and n > n,, since the expo-
nent of z can be written n((% —1)—¢)/Bk(1+¢)—3. 1

Note that the pair (k,e) which satisfies the inequality in the theorem
statement with & minimal and for that k is (4,e) with e < 1/3.
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THEOREM 5.2. (Asymptotic Beale) Assume ABC-(k,e) for some k > 2
and € > 0 and positive integers r,s,t which satisfy

1 1 1 k
k—1D(-+—-+ - 3 < .
( )(r+s+t)+ 1+e€

Then the equation x" + y® = 2% has at most a finite number of solutions
with (z,y) = 1.

Proof. First note that x < 2% and y < 2%. From ABC-(k,e)with a = 2"
and b = y* it follows from Lemma 3.1 (8) that

2T < () (v e (=)

t k—1
<& whykzk(zyz) F
< 21

PR EHA—F ) EHA-1+5)
It follows from this equation that M-t G ) <1 1

An unconditional proof of Catalan’s conjecture has been provided by
Mihailescu [14]. See also [2]. The asymptotic form of the theorem was
proved earlier by Tijdeman [22]. The proof of the asymptotic case based
on ABC-(k,e) is quite straight forward:

THEOREM 5.3. (Asymptotic Catalan) Assume ABC-(k,e) with

2+1 1
E'2 T 1+e

Then the equation P — y? = 1 has at most a finite number of solutions in
positive integers p,q,x and y when p,q > 1.

Proof. Assume z,y > 2 and p,q > 4. Then by Lemma 3.1 (1), there is
a constant K > 0 such that

Since zP > y9 the inequality
yﬁ < Kx%+1y%+1

also holds. Take logarithms of both inequalities and add to obtain

longr1 logy<210gK+2(k+1)10gz+2(k+1)logy

1+e€
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It follows that

p p q q
—2— —2) 1 — — 2= —=2)1 < 2log K.
<1+e k )Og$+(1+e k Jlogy < 2log

But because p,q > 4, it follows from the given inequality satisfied by k, €
that p( lie — 2) > 2 with a similar inequality holding with p replaced by g.
So the coefficients of log x and logy are positive and they can be replaced

by their lower bound log 2 leading to

1 2 log K
— )< 2 4.
(p+q)(1+e k)* log2+
Thus, there are only a finite number of exponents (p, ¢) for which the Cata-
lan equation has a solution. By Mordell’s theorem, for fixed (p, ¢) the equa-

tion has at most a finite set of integral solutions. Therefore the equation has

only a finite set of integral solutions. |

Note that the pair (k,¢) with k& minimal satisfying the inequality in the
theorem statement has k =5 and € < 1/9.

The following should be compared with the theorem of Darmon and
Granville [8].

THEOREM 5.4. (Generalized Fermat) Assume ABC-(ke). Ifa,b,c,r, s, t
are fixed strictly positive integers with a,b,c co-prime and

1 1 i 1 n 3 < 1
r s t k 1l+4e
then the equation
az” + by® = ¢zt

has at most a finite number of solutions x,y, z in strictly positive co-prime
integers.

Proof.  Use Lemma 2.4 (1,8,12) and apply ABC-(ke) to u + v where
u = a" and v = bY. The implied constants depend on a,b,c,r,s,t,k, €:

ezt < mplaz"by*czt)te
ez < npax”)(by* )k (cz")
P

< ni(a)nk(b)nk(c)x zyfyztz.
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But z < (£2%)Y/" and y < (£2%)'/¢ so therefore:

2THe <« G EHO+HE) E+(0+1) ]

and hence

zt[ﬁf(%JF%*%)*%] < 1.
The result follows. |

5.2. Wieferich Primes

THEOREM 5.5. (Wieferich Primes) Assume ABC-(k,e) where k > 2 and
€ > 0 are such that
1 3 1
PRI
Then there exists an infinite number of non-Wieferich primes. That is to
say, primes p such that p? { 2P~ — 1.

Proof.  First note that, by [15, Lemma 5.1], if p is an odd prime and
there exists an n € N such that 2” = 1 mod p but 2" # 1 mod p? then p is
non-Wieferich.

Let n € N and write 2" — 1 = u,v, where v, is the maximal powerful
divisor of 2" — 1. Then u,, is square free and (u,,v,) = 1. If p | u, then
2" = 1 mod p but 2" # 1 mod p? since u,, is square free. So all the prime
divisors of u,, are non-Wieferich.

Assume that there are only a finite number of non-Wieferich primes.
Then the set of all possible u,, is finite also (and thus bounded) and the
set of v, must therefore be infinite. This also implies there is a constant
¢ > 0 such that for all n € N

2" < v, < 2" (1).

Write a =2" — 1 and b=1so a + b = 2". By ABC-(k,e):

2T < (2™ )0k (unvn)
< 2%77k(2n mod k)nk (tn )1k (Vn)
< Q%Unvn%Un% using Lemma 3.1 (7)

n 1, 1
& 2kp,2T2E,
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Hence, using equation (1)
o1 « on(3+3%)

and therefore

Hence the set of n’s is finite, which is a contradiction, since the set of
vy, is infinite. Therefore the number of non-Wieferich primes is infinite. |

Note that the inequality in the theorem statement is satisfied minimally
with k = 4 provided € < 1/7.

The next theorem comes from that of Silverman, who used the full ABC

conjecture to derive a result which is more general than the previous the-
orem.

THEOREM 5.6. (Generalized Wieferich Primes) Let a € Z \ {£1}. As-
sume ABC-(k,e) with

log 2
24loga’

1
+

L
1/e+1  k —

Then there exist an infinite number of primes p such that

a?~! # 1 mod p*.

Proof. 'We need only consider [17, Silverman, Lemma 7] in the special
case b = 1, = a/1,a > 3 and adopt the same meaning for ¢, ¢; (Silver-
mans’s €) and ¢ as used in that proof. Then an inspection of the proof of
[18, Silverman, Lemma 5.4] shows that in this case the inequality

|®,,(a,1)| > e

can assume the form |®,,(a)| > 2¢("/2 = () where ¢ = log2/2, since
lla| —1] = 2.

Now apply ABC-(k,¢€) to a™ = 1 4 upv,, where v, is the powerful part
of a™ — 1:

athe <, N (@™ un,vp)

< a%"'lnk(un)nk(vn) using Lemma 3.1 (8,12)

a™(TFe) Lea an/kﬁk(“n)m(v”)

n+n/k
amtn/ 2/3
n

using Lemma 3.1 (6).

Le,a v

n
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Therefore
11
U Loy @ TR

Choose § = 1 and €; = log2/(8loga) and (k,€) so that

1 1 < log 2

3(1/6+1 * %) ~ 8loga

5.3. Powerful Numbers

THEOREM 5.7. (Erdds conjecture [9]) Assume ABC-(k,e) with k even
and with k > 2 and € > 0 satisfying

I
2 2k " 14¢€

Then there exist only finitely many triples of consecutive powerful numbers.

Proof. Let n—1,n,n+ 1 be powerful. Then
ne(n?) = Hpr%*]

p|n

77/@/2(”)
n%N(n)% by Lemma 3.1 (1)

IN

IA
S
N=
"5
1

Il
S

Therefore ng(n?) < nzt#. Call this (1).
Also I = (n—1)(n+ 1) is powerful so

() < Z%N(l)%l by Lemma 3.1 (1)

k—1

< VLT

= [zt

Hence
me((n—1)(n+1)) < ((n—1)(n+1))>+=
< (nz)%‘*‘ﬁ
1++

|
3
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Therefore n;,(1) < n'*%. Call this (2).
Now apply ABC-(k,e) with a =n? —1,b=1,a+b=n? and use (1) and
(2) to derive

2 3 3
nTre < Kn2t3x

o) [13_6 —(2+2)]logn < log K and therefore the set of all possible n’s is
bounded. |

Note that the inequality in the theorem statement satisfied by minimal
k has k = 4 and then e < 1/15 is required.

THEOREM 5.8. Assume ABC-(k,e) with a positive integer [ satisfying
20+ €)(f+k—1) < fk.

Then there exists at most a finite number of pairs of successive f-full num-
bers.

Proof. Let x and x + 1 be successive f-full numbers. Then

e < p(a)n(e + 1)
< x%+%(x+ 1)%'*"%1 by Lemma 3.1 (7)
< 20+

Since fk > 2(1+¢)(f +k — 1) it follows that

1 1 k-1

Hence the set of values of x must be finite. |

The selection f =5,k = 3,e < 1/14 satisfies the inequality of the theo-
rem. Reciprocally, f =3,k = 5,e < 1/14 is also sufficient.

Successive powerful numbers are quite rare. In a computer search of
numbers up to 12 * 10° the following 10 were found. The first element of
each list is n where (n,n + 1) are a powerful pair. The next integer is
the power of n, being the minimum « such that p®||n for all p | n. The
final integer is the power of n + 1. For example {12167, 3,2} means each
prime dividing 12167 has order 3 or more and each prime dividing 12168
has order 2 or more:
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{8, 3, 2}, {288, 2, 2}, {675, 2, 2}, {9800, 2, 2}, {12167, 3, 2},
{235224, 2, 2}, {332928, 2, 2}, {465124, 2, 2}, {1825200, 2, 2},
{11309768, 2, 2}.

THEOREM 5.9. Assume ABC-(k,e) with, for some f > 2
31+e)(f+k—1) < fk.

Then the number of pairs of positive integers (a,b) with (a,b) = 1, and
such that a, b and a + b are all f-full is finite.

Proof. Use Lemma 3.1 (7):

(a+b)7 < n(abla+b))
< (ab)%J“%(a+b)%J“k;k1
(ab)2 (T =i~ ) < (ab)F T
3 3(k—1)

(ab)ﬁ*r o< L

And the result follows. |

Note that f =6, k =6, e < 1/11 is a set of choices which will satisfy the
inequality in the theorem statement.

5.4. Polynomial Values

A key to Theorem 6.11 below is the use of a Belyi function [1] to prove
the following theorem, A proof of which is given in [11].

THEOREM 5.10. Let f(x,y) € Q[x,y] be homogeneous with no repeated
factors. Then there exist homogeneous polynomials a(x,y), b(x,y) and c(x,y),
with a and b having the same degree D > 1 and c degree less than or equal to
D, with no common factors (in Q), where the polynomial a(x,y)b(x,y)c(x,y)
has exactly D + 2 non proportional linear factors (in Q), including all of
the factors of f(x,y), f(x,y) | a(z,y)b(x,y)c(z,y) and

a(z,y) + bz, y) = c(z,y).

The following corresponds to [11, Theorem 5].

THEOREM 5.11. Assume ABC-(k,p). Let f(z,y) € Z[z,y] be homoge-
neous with no repeated factors. Let D be the degree referred to Theorem
6.10 stated above. Then if m,n are any two co-prime integers:

D2+ 1)
)deg(f)—2—¢

max(|m/, |n| T g N(f(myn)).
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Proof. By clearing denominators if necessary, there is a polynomial
h(z,y) in Z[x,y] such that a(z,y)b(x,y)c(z,y) = f(z,y)h(z,y).

Let m,n be integers with (m,n) =1 and let d = ged(a(m,n), b(m,n)).

Apply ABC-(k, i) to the equation a(m,n)/d + b(m,n)/d = c¢(m,n)/d:

max(|a(m,n)/d|, |b(m,n)/d))* =Y I/BTD < np(a(m,n)b(m, n)c(m,n)/d®).

Since a(x,y) and b(x, y) have no common factors, their resultant is a non-
zero integer, which is a multiple of the integer d. Therefore d is bounded,
with the bound dependent only on f (d <, 1), and using Lemma 3.1 (1)
we can write:

max(|a(m, n)], [b(m, n)|)' =AY <o (a(my n)b(m, n)e(m, )

Loy, (@(m,n)b(m,n)e(m, n))l/kN(a(m, n)b(m,n)c(m, n)))%1 .

Now let H = max(|m/, |n|). Then the argument in [11, Theorem 5] shows
that max(|a(m,n)|, |b(m,n)|) > HP. Let the product of the linear factors
of a(x,y)b(z,y)c(x,y) be f(z,y)g(zx,y). Then |g(m,n)| < HPFT2-def 5o
therefore:

(HP)Y\V ) o HERHPH2des D5 N (f(m, n)) T

This inequality readily simplifies to:

( /(1 /p+1))
[des F-2- BEHELE Nk ().

The same definition f(z,y) = y9€9t1g(z/y) used by Granville [11,
Corollary 1], enables the following to be deduced:

THEOREM 5.12. Assume ABC-(k,u). Let g(x) € Z[x] have no repeated
factors. Let D be the degree referred to in Theorem 6.10 stated above. Then
if m is any integer:

D(2+k/(1/p+1))
T —

|m|deg(9)—1— Lkyp,g N(g(m)).

Application of these theorems awaits an investigation of the relationship
between D and other problem parameters such as the deg f or degg.
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For a class of univariate polynomials it is possible to avoid use of Belyi’s
theorem. These polynomials include some of those used in deriving number
theory results from ABC by Granville [11]. The class is all polynomials
f(x) € Z[z] such that there exist a set of distinct integers ay, - ,a, with

1@ =L@ =ay.

THEOREM 5.13. Let f(x) be a polynomial in the given class. Assume
ABC-(k,u). If the degree of f(x) is even define d by deg f = 2d. Then for
all integers m

|m|%_d(%+ (k—l)(li/u+1) ) <<k,u,f N(f(m))

If the degree of f(x) is odd let deg f = 2d + 1. Then for all integers m

jm| (20 (0 DR-D-1) L N(F(m)).

Proof. 1f deg f is even let

d
a(z) = ]z —ay)

- 2d
b(x) = — H (x —ay)
j=d+1
c(z) = a(z)+ b(x).

Then a(z)b(x)e(x) = f(x)h(z) and the degree of h(x) is at most d — 1
since the degree of ¢(x) is at most d — 1. The given formula follows in the
same manner as the result of Theorem 6.11.

If deg f is odd let

d+1
a@) = [J@-ay)
"~ 2d
b(z) = —( [ (= —a;))(@ - azar1)
j=d+2
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Then the product of the distinct linear factors of a(z)b(x)e(x) is f(x)h(x)
and the degree of h(z) is at most d. Again, the given formula follows in the

same manner as the result of Theorem 6.11. |

Note that in the even degree case the exponent is positive if and only if

1
1/p+1

2 . < 1

k d

For degree 4 the minimum value of k is 5 and then 1/u > 9 is required.
In the odd degree case it is positive when

n k < 1
1+1/p d+1

For degree 3 the minimum value of k is 4 and 1/p > 9.

In attempting to use the above theorem, which does not have the disad-
vantage of the parameter D, to obtain an improvement of [11, Theorem 5]
the best result that could be obtained was the following: If g(x) € Z[z] has
integer factors and no repeated roots, then if ¢* | g(m),

q<ge |m|deg g—1-n(k,un)

where 7(k, 1) is an explicit function of k and p with expected asymptotic
behavior.

The following proof is based on that of Browkin, Filaseta, Greaves and
Schinzel [6] who use the full ABC conjecture.

THEOREM 5.14. (Square free values of cyclotomic polynomials) Assume
ABC-(k,e). For every positive integer n > 2 for which the inequality
n? + n?+1
1/e+1 k

<1

is satisfied, there exist infinitely many integers | for which the cyclotomic
polynomial ®,,(1) is square free.

Proof. Fixn > 1 and let F(z) = (2™ — 1). Then the argument of
Browkin et al [6, Theorem 3], shows that there are an infinite number of
integers ¢ such that if p is a prime with p < ¢ then p? { F((t). We claim that
if ¢ is sufficiently large with this property then one of the numbers @, (t)
or @, (t") is square free.
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Assume that neither is square free and let a = ¢ —1,b=1s0a+b= n’
There exists a polynomial g(x) with integer coefficients such that

F) = @, (), (2)g(x).

By the assumption there exist primes p and ¢ such that p? | ®,(t) and
g | ®n2(t) so (pg)? | F(t). Since for all p < ¢, p? { F(t), both p > t and
q > t. Therefore, N(F(t)) < F(t)/(pq) < F(t)/t*. Hence, using Lemma
3.1 (8):

7% < my(abla+b)) = np(t" LF(1))

< (™ = ))YEN(F@) T
< tﬁ(FS) E

But % < t""~1 g0 therefore

1 14n? n?

kE 1/et1 <<1

t

for an infinite number of values of ¢, which is impossible.
Hence at least one of ®,,(t) or ®,,2(t) = ®,,(¢™) is square free, so there ex-

ist an infinite number of square free values for @, (x). |

Note that for n = 2 the smallest value of k£ for which the inequality of
the theorem statement is satisfied is £ = 6 and then e = 1/23 is required.

5.5. Hall’s Conjecture
THEOREM 5.15 (Hall’s conjecture [12]).  Assume ABC-(k,u). If

3 7

Y T
then for every pair of integers u,v with u3 # v2,

u® — v g 2

Proof. (1) Assume u® = a + v? with @ > 0 so v < u%/2. Let d = (u,v)
be the greatest common divisor and apply ABC-(k, 1) to

u3 a ’U2
E-ETE
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By Lemma 3.1 (11) nx(u®/d?) < ni(u®) and we can make the following
derivation:

3 3 2
()™ < mel () m( )
3
14+p _
= < QNG5
w2/ kqy2/ by (k=1)/k
< FEESVEE na
uB/2+7/(2k)
< W{I

It follows that
W2 < g @2/ Hm =31k <

where € is defined in the theorem statement.

(2) Now assume v? = a + u?, again with @ > 0. Then there exists a
minimal integer v; with u® < v?. Let a; be defined by v = a; + u3, so
a; < a. Since (v; —1)? < u?, we have vy ~ u3/2. Now proceed as in 1.
letting d = (u,v1) and applying ABC-(k,u) to obtain the same inequality
for aq, and hence for a.

3. From (1) and (2) we obtain the result of the theorem. |

For this result to have any effect, we must have k > 8.
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