105.

N

LECTURE 30: TISOPERIMETRIC THEOREM

Theorem 65: Among all simple, closed, piecewise smooth curves in

R of length L the circle encloses the maximum area.

Proof: Let 8 be the arc length parameter 0 <8 £ L and let A4 be the
area enclosed by the curve (x(8), y(8)). Let ¢ = 2m8/L ; then

0 <t < &r. We will use the c.o.n. set in L2[0,21r] given by
{1/V2n, (1/Y1)cosnt, (1/Vm)sinnt:n € N}

and express X(t) and Y(¥) din their fourier series forms:

<«

xz(t) =a,/2+ ) (a cos(nt) + b_sin(nt))
0 n n
n=1
y(t) =b. /2 + ) (c_cos(nt) +d sin(nt)) .
0 n n
n=1
Assumption: We may differentiate each series term by term and obtain

the series for the derivative in each case. [Recall that convergence in H = LZ

does not necessarily mean even pointwise convergence.] This assumption needs

justification which is not given here. Then

% =0+ n-zl (nb, cos(nt) + (-na )sin(nt))
g‘% =0+ ) (ndncos(nt) + ('ncn)Sin(?lt))

n=J1

Since dsg = dx2 + dy2

[:or, what is more precise s = J /i’(t)g +z:j(t)2 dt :{ .
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We have { %g] + (‘%% ] = 7. But
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We now invoke Green's Theorem for R~ , namely that

%Ndy=ff%gdxdy

curve region
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with N(x,y) = x. From this N/ 3x
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Consider
a )
L - 4rAd : since
2 R 2
L~ = 2n Z n (a “+p 2 + e + d 2):] and
n n n n

=1

1]

4rd = 4m Z (na d -nb ¢ ):l then
non non

—n=1
2 R 2 2 2 2 2 A
L7 - 414 = awh~w§§(nan dn) + (nbn + cn) + (n - 2)(cn + dn ){I - (D)
[This equation (1) needs to be checked] Hence
L - a3 0 -
2
Note that when the curve:ig acircle radius R that L = 218 and 4 = £&
so that

¢ )
LZ - 4nh = 4w2 R2 - 4mmR”

=0 .

So that for fixed L the maximum area compatible with the necessary condition

(2) is attained by a circle. It remains to prove that this is the only shape

enclosing maximum area.

If L2 - 414 = 0 so must each term on the RHS of (1) i.e. VneédlN

na -d =0 and wnb + ¢ = 0 and
" n n 7

Vn>1, e =0 and dn =0

n=1 = a

I
1
Q

7 dl and b]

n>1 = a =0 and b =0
n 7

e =0 and d =0
n 0

1

Thus x(t) aO/Z + a_cos(t) + blsin(t) + 0

1
00/2 + *bzcos(i) + azsin(t) + 0

i

Y (%)

i.e. (x - a0/2)2 + (y - 00/2)2 = alg + blz, which is the eQuation of a circle.



