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CONTINUED 

 

1. (a) Define, using   !  and  N! ,  the expression 
 

    

lim
n!"

an = L.  

 
 (b) Note whether each of the following sequences converge or diverge.  In the case of 

convergence, estimate the value of the limit. 
 

  (i) 
 

a
n
=
n +1

n !1
+
2 logn

n
, n "N.  

 

  (ii) 
 

a
n
=
1

2
n
+2

n
, n !N.  

 

 (c) Let 
  
a

n( )  be a convergent sequence with limit value L !R,  and let c > 0. 
  Prove that lim

n!"

c.a
n
= c.L . 

 

 (d) Given   ! > 0,  find 
 
N! "N  to prove that if  a

n
=

2n

n +1
  then  lim

n!"

a
n
= 2.  

 
 
 
2. (a) Let 

  
a

n( )  be a sequence.  Give the definition of 
 

    

a
n

n=1

!

" . 

 
 (b) Note, giving a reason in each case, whether each of the following series converges or 

diverges.  In the case of convergence, estimate the sum of the series by summing the 
first four terms. 

 

  (i) n

n
3
+1

n=1

!

" ,  

 

  (ii) 1

n
2
!

1

n +1( )2
"

#
$

%

&
' .

n=1

(

)  

 

 (c) If 
 
a
n
! 0 for all n "N  and, for some ! > 1,  lim

n!"

n
#
a
n
= 0,  prove that a

n

n=1

!

"  converges. 

 (d) If the series of positive terms a
n

n=1

!

"  converges, show that a
n

2

n=1

!

"  converges also. 



- 3 - 

TURN OVER 
 

 
3. (a) Define, using   !  and  "! ,  the limit expression 
 

lim
x!x0

f x( ) = L.  

 
 (b) Note whether each of the following limits exists as a real number or as  

  
± !.  Where it 

exists, estimate its value. 
 

  (i) lim
x!2"

x
2
"1

x"1( ) x+2( )
,  

 

  (ii) lim
x!"

e
#x

+ arctan(x) +
1

x
2
+1

$
%&

'
()
.  

 
 (c) Prove, using   !  and  "! ,  that if lim

x!x0

f x( ) = L  and lim
x!x0

g x( ) = M  then 

lim
x!x0

f x( ) + g(x) = L + M .  

 

 

 

(d) Define f : 0, 2[ ]! R  by

f x( ) =
1+ x      for 0 " x " 1,

3x # x2   for 1 < x " 2.

$
%
&

'&

 

 

  Prove that f is differentiable at x = 1 . 
 
 
 
 
4. (a) For each  n !N and x !R let  

fn (x) =
x
2

n
+ x . 

 
  Show that the sequence of functions 

 
fn :n !N( )  converges pointwise to the function 

 
f (x) = x on R.  

 
 (b) Show the convergence of the sequence of functions in (a) is uniform on [0, 1] and then 

that the convergence is uniform on !c, c[ ]  for every real c > 0.  

 
 (c) Now verify each fn  is continuous and deduce f (x)  is continuous on  R . 
 
 (d) Let 

 
gn : a, b[ ]! R , for  n !N  be a sequence of continuous functions and let gn ! g  

uniformly on [a, b].   Prove that g is continuous at every point c ![a, b].  
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5. (a) Let  

 
f : a, b[ ]! R  be a bounded Riemann integrable function.  Show that !" > 0  

there exists a partition P!  of [a, b]  such that U( f , P! ) " L( f , P! ) < !.  

 
 (b) If c > 0  and 

 
f : a, b[ ]! R  is Riemann integrable, show that c. f  is Riemann 

integrable also. 

 
 (c) Prove that if 

 
f : a, b[ ]! R  is continuous on [a, b] then it is uniformly continuous on 

[a, b].  (Hint:  use the theorem that every bounded sequence in  R  has a convergent 
subsequence.) 

 
 (d) Let  

 
f : 0, 2[ ]! R  be continuous.  Prove that it is Riemann integrable on [a, b]. 

   
 
 
 
 

6. (a) Let f (x) = an
n=0

!

" x
n  be a power series.  Explain what it means to say “the real number 

Rf  which satisfies 0 < Rf < !  is the radius of convergence of f (x) ”. 

 
 (b) With the notation in (a), prove that if lim

n!"

a
n

a
n+1

 exists, its value is that of the radius 

of convergence of f (x) . 
 

 (c) Using the power series 
 

exp(x) = 1+ x +
x
2

2!
+… +

x
n

n!
+…  show that Rexp = !  and 

use this to explain why 
 
ex !p (x) = exp(x) on R.  

 
 (d) State the binomial theorem for the expansion of 

 

 

f (x) = (1+ x)
m  

   

   

  for 
  
m !R \ 0, 1, 2, …{ } .  Simplify the n 'th  term in case m =

1

2
 and use the expansion 

as far as the term in x2  to check the value of 1+
9

16
.   

 


